
Improperintegralscoel
: compute definite integrals in the cases where

a limit of integration is a or - a

o the integrand is discontinuous! unbounded .

⇒
,ta

terminal at E A discontinuous / unbounded.

S!fcxsdx foafcxsdx .



Definitioncinfiiteoh.mu#
° If fatted doc exists for any t za ,

then we define

S!fend da = figg fat fcxsdx .

if the limits exists .
o Similarly for £!fox) dx .
0 If the limits exist the integrals are called

convergent , else divergent .

• If S!fox) dx and f:fax>doc are convergent , then

we define f!fc⇒d×= [f dx *[foal dx .

, a EIR.



Keyresutt
Consider I= f.to#pdx . Then I is convergent iff p >1 .

t EP / p #I

poof: Define It = f
,
# da I { i - p z

so
. It { ¥5

'

- ÷. if .FI:
' ! " I

lnct) if p=1

Noo
,
let t → so

,
we t

" "
→ 0 if p > 1

and en →a.

So
,
I is convergent if and only if p > I .

I = Is iff p >1 .

p -1

Convergent iff f Cx) -- x-P decays fast enough .



Dihwmubdtgond)
° If f- is continuous on [a.b) and discontinuous at b then

fab fcxsdx = If;mb. Sat fcoddx .

o If f is continuous on Ca, b) and discontinuous at a then

I!fGddx= tying Sbyfcx) doc .
if the limit exists .

o If limit exists then integral is convergent , else divergent .

0 It f is discontinuous as c E (a.b) and both Salford doc
and fabfax) doc are convergent than

fabfcxsdx = facfcx) dxtfbfcxdx .



Keyresutt
Consider an example where I = f! # da . Then I is

finite iff p CI , i.e. x-P blows up shoo enough
.

dx . We are
not:÷i÷÷: ¥ .

"

t→o+

It = { I/:
if p # t

en GD let if p =L .

= { Ip (
I - E'D if pts

- en Ct) if p =L .



key result (contd.)-
t
'-P

= o if and only if pst .

note that lion
+ →o '

and lime lnct) = - O .

t→o+

so
, I = Ip iff pet .



Interiorsirg.br#hetI--f,1lzdx . Does I converge ?
Note that fax) = at has a discontinuity at

" =0 - so
,
we can 't simply find anti

derivation :

1
,

"

dx =
- si

'! = - 2 is wrong

Instead :

I -- Fino. I 'zd' t limo. Stated
"

diverges since p =251



Examplectnteriorsingclar.ly#
Let I = fo

'

c,÷, doc . Does I converge ?

observe that fax) =

1- is Is continuous
at a =L .

Cx-13213
SO, write 3

£;; f #m,
doc + ¥; . Sot u,

doc .

t
3

3 @-13
"
' ) + lim

.

3 (x - D
's /

= him o

t t-31
C-→ It

= Egg, (
3. I'3 - 3 ( t - 'I'3) + thing (34-153-3453)

= 3.243*3
so
,
I is convergent



Comparison test
-

a f I
-

a
\ I¥7,
a b

Theorem - C comparison test) . Suppose fox) and gcx) are

continuous on Ea
, a) with osfcx) Egcxd for all

x E [ a, a) . Then

o if [gcxsdx < a ⇒ [fcx) dx <a
o if faffed da d.rages then [gem doe

diverges -



Exampletn to

Let food - singe for a > 1 . Does fifth converge ?

Sol we first find a comparison function . Observe that

Sinise C 1 ⇒ sink

⇒ SI .
22

Since {
*

¥ doc converges ( §%Ipdx converge if psi)

we get f? size dx converge .



Example
consider f?d,÷m

,

.
Does this integral converge or diverge?

Intuition : for large x It
,

= I and f!# du
diverges .
observe that Is safe ⇒ ¥ < ÷y .

we have faffed' < ! doc
.

By comparison test ftp.#dx diverges .



Example
consider f!⇒÷f, doc . Does this integral converge ?

Intention: 23+22+1 I x3 and f! ¥2 doc converges .

observe that sista+13×3 if x > 2.

so
, ÷ s 1-

x3⇒E+ ,
if a > 2 .

Since f!}÷ doc converges ( p - 2 > 1) ,
D
X

by comparison test, J- doc converges .

z
⇒txt ,


