
intn .

Exact integration is useful , for example in differential

equation , but we need to be able to find anti
-derivative .

This is not always possible .

Consider f e-*doc .

How do we solve this problem ?

Taylor series ( about x = o)

e-
x'
= I - x

'

+ x÷ - age + . . .

② Approximate the area under the curve .



Riemann seem .

-

One way to approximate the integral
is Riemann seems.

Jabfcxsdx = 7¥ fax:*) xx
Kite [Xi. , ski] .

i Left endpoint , Ki
't -
- Xi - I

⑦ Right endpoint , 2,9 = Xi
o Mid-point , x,-* = ( sci-it Xi) Iz .

Them:(Midpoint rule)
n

fab f-Go doc = Mn = 7¥
,

f-CE. ) Dx

Dx = b , Xi = a + i DX ,
JC

;
= (ki -it ki ) Iz '



Trapezoidappsoximationmid
point trapezoid

• Trapezoid rule approximates the area under curve using

little trapezoid.

0 Approximate fed on Tai - e, a;] using a line .

The function f-GO on Ea, b] is approximated as a

sequence of lines .



Trapezoidal .
ai

Area .- f⇒¥ . .. .

#
Dx = b÷a

Theorem ( Trapezoid rule)

""÷÷¥÷±a= II (foxo) +2 fox,) +2 few + . . . + 2 fcxn -e) + fkn ))
DX = b÷ .

X; = azt i DX .



Simpsonville

Approximate the cake by a sequence of parabola .

⇒ (bi -ituyityit)
fcki -D ←

fcxi)

↳
•
of flaim)

Kit
×,
Kitt

The general equation of parabola is y = A-sit Bxt C .

o Divide [ a, b] into n segments . ox = Cb-a)In .

- Approximate fee) on E "i -six;+1 ) using a parabola
.

i.e find the area of parabola that goes through points .

Coco-1, fcxi-e)) .
(Xi , fix:D . Laius, fcx.ee)

o Add up the area of each parabola



Simpsons
Area of parabola that can be defined by

Coco-1, fcxi-e)) .
(Xi , fix;D .

( Xie, fcxixe ))
is aged to area of parabola defined by .

C-ax
, face:D) , C o , fax;D , Cox , fixe. + H)

or
' C -h, Yi, ) , ( o, y;) ( h, you) . .

let h -

- DX

c-his ;D .

"-bi) Yi - fax;)
.

(yi.im#iD
•
Chisiti)

÷ At|¥: :
"
"

?Xie 1-DX-1

"it "it1 -h
o

h

Remark : number of segments [xi, ,x⇒ is men .



Ao¥cteparabola .

Area of parabola given by {Ttx 't Bxtc doc is .

Area = Az? BE? Cx?! = 2AM, +2Ch=hg(2Ah2 -16C) .
And
,

C- h, bi,) satisfies AK - Bht C -- Yi - e - ①

( O, bi) satisfies A - o
'
- B.Otc = yi - ④

( habit ,) satisfies Ah't Bhtc - Yee -④

So
, from ④ ⇐ bi ,

combine ① I to get

A- =@i-itbjti-2biJ12h2So.Aoea-hzfy.e,
+bit ,

- 2b; t Gbi ) = ¥ (bi- et Ubi +bit ,)



simpsonsrele.TOapproximate fabfcx) dx ,
add areas of little parabolas .

h = DXArea = Iz ( Yi-it 4bit bitt ) ,
ye. = fox;) .

feed +for)

÷÷÷÷÷÷÷÷÷:÷÷÷÷÷÷÷÷::i::i



Erzorinappsoximation Error (n) E f- ( gradient, n?

The approximation error is the difference between our

approximation and the value of integral
. i. e .

Error Cn) = I fabfcx) dx - Mn ) ( ifusingmidpointruled
depends onn

→

• As n → so, the error goes
to zero . ( think Riemann sum ) .

Hoo quickly does error go to
zero ?

o The decay rate of error depends on how
"

curry
"

is the function which is characterized by gradient -

0 Error depends on higher order derivatives ifapproximation
uses higher order polynomial

Midpoint .

Trapezoid
- 2ndorder derivative

,

Simpson rule - 4thorder
durative .



Eororboundi
Theorem . ( CLP - 1.11.13 )

.

Suppose that If
"

e) I CK on a Ex Eb
.

Suppose that If
""
cast LL on a Ex Eb

If E-men) , Ezln) and Esch) are the errors of
the midpoint rule, trapezoid rule and Simpson 's ritem÷÷%,Yiu:÷oemn±
o Esch) E k¥5 pies m2

180ha

Midpoint is slightly better Ho- trapezoid but Simpson is best



Example
Approximate 4¥ d" using trapezoidsale and n - s .

GI : Tn= 1¥ ( f exo) + zfcx .) e- zfcxz) t . . . t 2 fan-e) + fan))
a = 1

, b = 2, B X= 115=0-2 .

So
'

Tn = oil ( fu) -12 fu . 2) + 2fCt4) t 2fCt8) + for))
= 0.6956 . . .

Ein) E k¥3312 na



Errorinappnximo.fi#
Consider some question :!

"

# dx . using trapezoid rule In = -5

Exact answer: f
,

"

# dx = ln bell! = en 121- en 111 = ln2

= O - 6931 . . . .

Lets use error bound theorem to provide a board on
approximation and compare to exact error -

so
, f

'
= Yaz , f

"
=
- 21×3 i

note that If
' '

Cx) / E 2 on 1 Ex e- 2

so
, ETC -53 £ k¥513 =÷.gs = ¥0 I 0.00666 - - i -

Exact error-

ETC 's) =/ifabfcx) dx - Tg / = / O- 6931 - o -65561 = 0.0025 .



Example
consider some integral !

"

# dx using trapezoid
too big do we need n to be in order for the error to

less that lo
-G ?

So
, we need E-

+
Cn ) E 10

-
°

so
,

we need to
- O S
, K¥23= In,

⇐ na > 212
- 10
- G

⇐ n s ft
Etch) E Kcb-af

If
I 408.25

-

¥
E 10-0



Example
consider some integral !

?

# dx using Simpson 's rule

too big do we need n to be in order for the error to

less that lo
-G ?

Sol? The 4th absinthe is 24×5 .
so
,

=

If
'"
ca> / E 24 on 1- EKE 2

we need 10-6 3 LIII
180 vie

⇐ nu s, 2418010-6
⇐ n s

, (3,10-6)
"
"

z 19 - I




