
Series
Consider a sequence { an } . Let's add up the

terms to get
91-1 dz t dy t . . . .

This is called an infinite series and is denoted
A

by Ian .

II1

We want to see whether the infinite series ¥
,

an

is finite ( converges) or is infinite (diverges ) .



Exude . a

consider the infinite series 1+2+3-1 . . . . = E. i
i -4

Lets lookat the partial sum of 1+2+3-1 . . .

Sg - I , S2 = 1+2=3
, Sg = 1+2-13

= G
s . . .

Sn = It 2T . . . +n
= h(nt)

2

The sequence given by { Sn } → so as n⇒ a .

So
, they

diverge.



Example { In }
Consider the infinite series It 41 +got + . . . +and + . . .

Again, let's look at the partial sum :

S
,
= I , Sz = It I

,
= IT , Sz = It I, tf = Ig s . .

.

Sn = It ft Ig + . . . + In =
I
2h

Since ?÷1 = I - 2-n → 1 as n → no ,
we get

-0 ,
Z - converges to I -

i=,
2h



Putin . { In }

Now that we here looked at two examples, let's
think about the

"harmonic
"

series I + I + It . . .

Definition . Let a. + azt azt . . . be an infinite series and

let
Sn = 9

,
-1 Azt 9Gt . . . + on

.

'al sum . Sn → s for some÷::÷÷÷÷÷÷÷÷÷and say that the series converges . If { Sn } does
not converges then we say ÷Za; diverges .



t-rthemeticoperat.io#Theorem.cccPTly32s) .
Let fan } and { by} be

convergent sequences
with TI

,

an = A and n¥ bn = B .

*÷÷÷:÷:÷÷D

Ican =
CA -

n =L

A

{Can - bn) = A - B
.

h Is

Remark : product and ratios are not so simple to calculate .



es .

One of the simplest type of infinite series
that we can

analyze are geometric series , which have
the general

to

form -

jn
- I

÷=
,

a rn
"
= a t ar + af + arise . . .

Z
n =L

The main result for geometric series is as follows :

Theorem : Consider the geometric series n⇐arn .

If

Irl L1 ,
then it converges andn¥arni=÷If IRIS, I and a to then the series diverges .



Geometrical roof) .

proof of theorem : We start with the nth partial
sum :

Sn = at art ar't . . . t ar
"
-①

Now
'

rsn = art ar't ar3+ . . - + arm
't -④

consider
su- rsn = (a+# . .

.

- (a#¥ . .
.to#arMD

so
,

Sn = all - rn -11 ) Ict - r)

since Irl CI imply rn → O and so the result follows .
t

If NISI , clearly r"→ a oud it diverges '

⇐ a-
i -r

If r=1 , Sn = a tata . .
. + a = na → D

-
n- times .

If 8=-1 , Sn = a - a + a - .
. .

which oscillates .



Example
Lets analyze the infinite series 9 - IIe 8¥ - 2,133. + . . .

Does it converge ? First realize that its a geometric
series .

the parameters are :
a - 9 ,

r= Is or
- Z

ar

-5

since the sign
alternates .

r= - 3g .

Since Iris I , it converges
and the sum equals .

a- =

.

s.cz)
"! ÷¥, = 4¥I - r



Example a
- to

4
"
+ Sn

"

Earn -1 aII=Ehz
Calculate I -

gn na
ha

SII Let's use property of infinite series to simplify :

Eu:*: E. ÷ . .

=÷z :-( ¥5 't E. FLEE
41g

= + 5191
- 51g

= IT -1 I
= 41

40
i



Example .

A

- to n 2- a rn -I
calculate . I g÷n+ , n- i

n= O

Fagin , hits use can = a Ioan .

so
. E. z÷.

= E
.

I . # = 's ⇐In

so
. ÷⇐.

) : ÷%
.

- Fi
.

and putting it an together. Iz ÷
.

(F)
"

= t ' FT ' II



Typists.
A second type of infinite series that is easy to

analyze is a telescoping infinite series, which has

the general form
D

5- I can - any ) = (a. -aid + late# e Kaz -adt . . . .

h= I

⇐÷":÷÷÷÷÷:÷÷



Example
Determine whether the series FETE,, converges .

If it converges find the sum .

Soth: Let 's o rite out a few of the partial sum :
S
,
= I
2

Sz = It f- = If = Iz
Ss ? It f- + I = I = ?

-

.

Sn = It f- + fat . . . + ntn, = II. →
I

{ Len,} -- { to , !z . . . . } since tn→o .



Example (contd.)
-

Again, lets lookat I -1 .

n- i
n Cn -11)

using partial fractions : n÷,, = #
+ ⇐ = ht - htt,

so, sn= (f - + HI t . . - ← (#¥.)
= I - I

htt

so
,

Sn = Ian - ant, = ay - L
.

= I



'Example
- go

Discuss convergence of Flog ( Itt )
i

n-4

we can write the infinite series as :

nboo (II) = II@ Cnn) -egcn ))

which looks like telescoping sum but we must be

careful :

Sn = log Cnet)
- logcnt-logn-logcfn.DE . . . .

- log CI) .

= log Cn -11) - logy
.

So the series diverges as log Cnet) → a ash→a .

In our example, analog Cn) which does not vanish
.




