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Comparison .

Recall from integral test that the
"

p - series
"

given
A

- Lby Z n" -N'- I
IIe

is convergent if pst . It diverges if p S1 .

q
• an

⑧ • bn

similar to comparison test for a ↳
• co Ibn

improper integral, we can ie

::::::::;:. I 2 3 4 5 G

black - bn = tnz
red - Jan converses .
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: (CLP Than 3. 3. 8) . Let No > 0 be an integer .

Theorem 1 as

for all n IN, and Icn converges ,
MIO:÷÷÷÷÷÷:....÷aN

then I an diverges .
n=O

Remarks .

1 . Notice that we only require n > No . Only the

tail behaviour of the sequence is relevant
0

•
O

o

°

°

•

,#
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Comparison test (Remark ) .

-

Z. In Ca)
,
we require Ian I < Cn . Why ?

Give a counter example of a sequences
that

to

satisfy on con for ms. No and Icn converges

A
n-o

but Ian does not . -ons ane Cn
n -
- o P N

3 . In Ca) , we home Ionlc Cn - we can show E.( Cn - on )
n-0

convey using monotonic convergence theorem .

A

4 .. Note that if Ilan 1 converges than so must

MIO

N

Ian . an Slant .

f- O



A

Example 1 - I s -
- L

Does ÷
,

n÷zn+z converse or diverge ? is , n" if psi.

Intuition for large n
,
we have

-

n¥n⇒ I ntz and Tnt converses for p=zsz .

Solution : Let on = mtg .

notice that for n > I .

n¥zn+3 ' nt
and I >

o s. - la
n'+2N -13

so
,
I am I s Cn and by Ca) of comparison test

A
1

we here IEn,
convergent. Gene ans Cn )

n=0



tant Ecn '

⇐aMjY÷÷3n÷, converge or diverse ?
,

Intuition : gnats, a ÷ for large n .

Since ¥£z
A

converge by , integral test, I3¥ converges .

n⇒

s¥n :
need g÷z⇒f something or

3h25 3 something

notice 3h25 S
,
2n' + Cn

'
-5) 3 2n" if n2-

Also, need
-
I f 1- for n> No .

notice
n ? 3

Zn
' 3nF -5

3¥53 0 if 3n2-530 or m2 > 513 .

n> 2

So
, I 3¥ ) s Ine for ns, 3 and II.÷, converges .



Example 3
-

Does ⇐ }nng converge or diverge
?

-

Initiation : 22¥ a g2n;- = In, for large n .

3- 5

so
, }nj÷ = II ÷ which converges .

Solution : want g2nj÷ f something-

*

notice 2n -11

5h23 +⇒
E 375T if n

'
- s s
,
o

-

n 33

3h -ntl
=

-5ns
-

- Z
f 3h if - nil E O '

5^2 M -
5ns n 71 .



Example 3 contd 2gn; > o z -31
- 5h?

Also
,
- g3÷ g 2=+1 if 6ns - 5 So

6n3-S or n
3 S
, I
6

n 3 1 .

So
, I If }÷-1 if n > 3 and

5h'

IITs converges by comparison test
.



Eixample
Does II 3:57, converse or diverse ?

Intinction : 2gnnz.tl = If = In and

a

harmonic series I ÷ diverges .

n -c →
harmonic .

so¥on : need 2gnj.IS, something

notice : Innit > }÷, #2¥ = In

for n > 1 .

since In E 3:14 , IT.'s diverges by port

⑦ of comparison test
.



Limitcomporisiontat
In complicated examples , it gets tedious to find

explicit bounds on n to ensure

Ian ) Ecu for n > No

an S
,
dm for n > No .



Comparison limit test
-

#

Therein@ P 3.3.11 ) het II.on and If bn be two
series with bn SO for ace n . Assume that

¥3 bones =L
exist . Then .:÷÷÷÷÷÷÷÷÷÷:÷

diverges .



Remark .

-

In ⑨ ,

21=0 is essential .

Consider on = Ynz and bn = Yn . We know

Ion converges
but Ibn diverges .

However him I

Eng ;÷= E3.
'

Ii - o .

n→.
n

so
, if we ignored LFO

condition we get wrong
a

conclusion of Entz is divergent .

Mel



Example 5
-

Redo FZ
,
%nz using limit comparison

test .

Intuition : Er large
n
. 37¥, I ztnz

so
,

htbn-Yzn2iondon-C2ntD1@n3.s )
Notice inns.

= him.
- 37=1%977-7

= 1 .

A

Sina Ibn is convergent ,
M= I

÷
,

on is also convergent by limit comparison-
test -

Easy !



Example
Does ⇐ converge or diverse

Initiation : 3¥71, in = Fg for larsen .

So
, expect divergence .

II: Cet on = Et
Izz ,

bn = Fln .

thank;mg = him Itta . If =
1 .

n -so

since finna oben = I ¥0 and ÷
,

bn is divergent ,

we home g on is also divergent .



Example 7
- n'+25inch )
Does -2- converge or diverge ?

n=z ¥+1

t¥ : n÷"
'
a gn÷ = Lz for larsen .

Since Is converge , expert convergence .

SOI : ht an =@t2sincnD1Jgn8T1.bn-43n2ibniIsbII-e.mn2e2si
n -so ME

. II =
I

since tizz anlbn exists and II. bn is convergent , we

have I T+2sM is also convergent .

n= ' GTE =




