
Alternatives
Last time we looked at integral test - a

Recall , integral test only works for
series ⇐ an

•

with a. so and an decreasing

,,÷What about series like .

NI, C-''
"'

In or

c-'Y'Ibn
, bnso

. .

i

that alternate between t and - ?



AItanatingses.es/-est--

Theorem ( CLP 3.3.14) consider the alternating series .

⇒ Gi)
""

bn = be - baby - by + . . .

with bn>o V n .

ftp.n.m.aforauns.m.forsomenoli.dk?.ea.o bn → 0
,

then the series I t
')
"

bn converges .

n=L



AIternalingser.es/-est-
Remarks

proof is given in CLP 3.3.10 .

" ' we only need bn, C bn for large enough n .

because ⇐ c-Dn
- '
bn= c- 'Y'

'

but ÷µ! -'Y' ibn .
f

iii. A good way to check if
bn is decreasing is

by finding the function food sit finish .

Then look at derivative of fax) .



Example
i. II.hint

"

converges ?
A

Remark : I f- diverge by p
- test '

n -1

SOI : let b. = In .
Note that bn -30 .

.
bnso

also, bn-11 E bn been n÷, E th .

by alternating suis test , EE
,

C-it
"

In convoys .

There is enough cancellation for convergence



Example 2 logk
-D
"-' logis converge ? Te

'

m2

sod : let b. = login
.
.bn > 0 for n > I . bn → o .

m2

define f = BSI . not that fan) - bn
.

so

Now flex) = - 2x
-3hogxi-zc-3.ge

> ( I - 2 logon)

want f-
'

co so ⇒ I-2 Log x so ⇒ Log Cx) > 42
⇒ as e''2

fake ox> 2 then flex) SO . So take No = 2 .

Then by alternating see's test E. C-is
"-thegn

n'-No -nz
converges .



Example
Does II. c-on

-'

in
⇒ converge ?

Sd bn -
- in bn → o

and bnso for au n .

I
ntu

fc⇒= IIT , fix>= Io.
" -⇒ ""

52

need u-x so
⇒ x> 4

. ⇒ pick No -
- U .

So
, bn % bn+1 for n > No .

By alternating suis test
UF're is

n -14

convergent .



Eixample
Does I

, ti5nzn÷ converge or diverge ?

some ht bn = rt
Ig .

bn → 1 to .

so, we cannot use alternating series test
.

However, since C-ish
-'IR = C-c)

" for large
n'e5

n which is not equal to o . By basic divergence

•

test , IC
-ish

-'

I dvey.es .

N-I n2t5



Examples
Does ¥

,

C-15
"
cos ( En) converge or diverge ?

hn= cosCIN) ,
hn→ 1 because In → 0

and costa) is continuous at x
-0 .

So
,
we cannot use alternating series test . But

from divergence test, II. Ct)" cos CIN ) is a
divergent series .



9- that E
. won?

PIG: we know that I G÷ converges by alternating
nIl

series test .

Lets start with N-eth partial sumof geometric
sein '

s...
rn .

-' r
"

¥I÷÷compare SN-i and

Nsw-i = rift . . . +RN



Log 2 Contd) .
-

Integrate both sides of San, =
"
on -11010

I-V O

⇒ Iftar tree . . . + rn-1) dr = I
,

dr.

-y

⇒ free.ir?....-.rI?i--s:Irdr-S.ihErdr
⇒ o - (Ht

'

+ tide .- +
N

) = - boyars! - I '÷dr
⇒ II. e-ion-' in = logs - S! ;r÷dr.

goal : show £!,r÷dr →o as N -so .



Logzc.cat#
Let Em = f.

°

,Irdo u = -r ,
du -

-
-dr

Em = -S?← du
Ltu

-

- s:c-"
"÷idu .

= as
" S! ?÷du .

it is sufficient to shoo LENI→o to conclude

Ew→ 0 . City ? ) → squeeze theorem.



.

Not that Itu
S
,
I for a C- To,I] .

of IEI = So
"

,y÷du e f're" du = at,u"
"If

=
I
Ntl

as n → a ¥, -30 so
, LEI → o C squeeze

them) .

so
, E →o ⇒ £!,r÷ dr →o as N-so .

so, Eaton-' In = logs - I,r÷gdr.
⇒ E. Hi"÷= log



Estimating remainder-
Theorem : If S= II. G) "bn is a convergent
alternating series with b. 20 , bn+ , E bn , and linmabn -O ;mnm÷÷±:÷:÷÷÷esatisfies bond

RN k butI
i.e . Remainder is bounded by first term after the

Nth partial sum -



Nthparticlsumcfatternet-ingser.es#

to

consider I C-IT
"

bn .

with bn → O

n-_ i
bn > 0

bn > bn-11



Example
Recall from Taylor approximation - ( nth order approx . )

f-ex) I f'"La) Cx-ask . ¥ ,
•

÷, f
") Ca) (x- ask. → taylorf-Cx) = I expansion .

K-O CK)

e
"
= £ Loch .

f Cx) = e
"

n .-o
in !

Hoo many
terms in the infinite sum are needed to

get an error of 2-5×10-8 for e-
1 ?

e-
'
= oh, hit it, C- ' '

'

+ IF"! - " '

noway teens need



Examplec.cat# a

sod hit x= - I
,
e' = Io 's,

t''
"

. bn -
- ÷

Notice that bn 70 , bn > bn -1
b- IT

.

>¥+1)!
and bn → o -

so, we need to find N s -t . Rafts - sale

RN ⇐ ÷
,

= ①÷, ,
25×10-8 .

for n -- 10, I So
,
we need need

Cnet) !
I 2-5×10-8

.

10 turns in the series to approximate e'
'

z.to.ws
.



Example
How many terms

in the infinite series n⇐ CINI
"

is

needed to approximate log 2 with 10-5 accuracy ?

Let bn= ht . Note that bn so, bn →0, bn > bn+, .

The Remainder Ra satisfy Rns µ¥ . - I
kN-11

So, to get an aang of
10-5 we need

q÷, = 10-5 or N z 105

An enormous number of term since the series converges

very slowly .



"

""

fax> = fee) t f
'
cc) Cx -c) + f" Cx-07 . . .


