
Absolute and conditional convergence :
--

bn = In
Recall that FZ

,

- '

converges by alternating series

a

test but I In diverges by integral test
.

n=l

Also
,
observe that II. (4) nuts and II at converge .

A

m

:÷÷÷÷÷÷÷÷÷÷÷IT. If the series ÷ZLanl is divergent but IF an is
convergent , we say If an is conditionally convergent.



Companionate
A key property we established in comparison

test was :

a.mn?I.E;a:s.nv:7i.9nEJ:nn
proof idea ; let SnN= II an and IN = If

,

lanl .

① Ten - Sn is bounded bone by 2T.ve -

② TN - SN Zo tf N .
⇒ monotonic .

So
, By Monotonic Convergence theorem Tw-SN is conveyed

fans.TN < a



Ratite

A key test for
absolute convergence of a sea .es

is the ratio test
- fan) Ian

met

Them : Let NSO be an integer and assume
an -1-0

o÷÷÷÷÷÷÷÷÷÷÷② If E.mn/oanI/--Lstorntzz1anaII-- a ton

A

II. an diverges . ( Tian also)
Mel



Ratiotat fin, VIII
Remark :

a. Ratio test is useful when
the series has exponent n ,

fenton'ah , ele . . .

like

E. n÷ . E. ÷ .

"÷ ,
er .

b . It turns of ratio test is
not as useful for series of

the form II. Ign} ,

Pcn) & Gen) are polynomial inn.

c. In ④
.

If Lst , then an is absolutely convergent.

A

2-land
Ma



A

Remark (contd) 2- land
-

na

d
. In ②

,
the series is not absolutely convergent .

But II. an could be convergent , i.e ⇐on

could be conditionally convergent
e. Important There is no conclusion if only.no/aanI/-- I

( i.e. G-1) . Then Z! lanl may or may not
be convergent .

Further test is required.



proofoutlineofratotesti-l.gg I o I =L

We first prone ① . Since 251 ,
we can pick a RAR

that satisfy OLLCRCI . Then there exists at so that

for ace n EM we have / aanntt.la R because

R
1dn I → 2 as n → a

.

-

for ace n > M .

#

Thus
,

lancet L R tant L 1

So
,

1am + il C 121am I p
- arm

'

=
a-

1am +21 C 121am.si/ a R2 19mL Z g - r
. n' ' if that .

I :am+pl s RP land
Then p÷ I am +pl s Ep

,

RP land = ÷flamlR RP" = lanier < •
I -R



proofl.cat# Encourages .

So
, ⇐ 1am +pl ca and -§lanl converges

-

=Mt1

so
, ⇐ant = ⇐ tant + Infant so .

This proves ① -

- finaln' 1=251
finite

Now to prone ② , pick R in ICRC L . Then for NIM ,
we

must hone f n > M .

I ana÷1 > R → kneel > Riant .

Thus Ian 21am ) for n > M since Ian -111/-30
A

by basic divergence test
. So

,
I Ian+pl is divergent .
p=M-11

an will diverge if an O '

A- I



Example I
- to

Consider ? C-D
"

nt where an-_ C-13h In .

-

By alternating series test Ian converges -

NII

But we here Instant = FE. In diverges .

So
,

a

by our definition we conclude that Ian is
M It

conditionally convergent
.

E.li#l=enm.nt.in--E:.E.i-
t

so
,

we can't use ratio test to conclude .



Eixample
Consider II. C-'Mtn where an = C-15 In,

By alternating series test, we
know that Egan
D

lanl converges -

converges .

By integral
test, we know that
I
n =/ A

so
, by definition we say

that ⇐ an =
c-'5dg is

absolutely convergent .



Eixample
Discuss absolute / conditional convergence or divergence of

each of the following :

⑨ ÷u5÷, ④ It're;÷D ① ÷zc⇒ne
n4t5 .

④⇐ GD
"

ne
-n
'

② ⇐, ns.in#n3-I



Example nlijnaabn-n.tn = ¥, ibn -- In
@ II. "'

"

Fei

Seif @ First check ÷
,

tant = FE
,
¥+1 . By comparison

limit test ( compare to ÷) , we have that Implant
is divergent

.

So
, Efg lanl is not absolutely convergent .

Noo
,
check II

,

t'T bn
,
where bn = n÷y .

Notice that bn is decreasing for large n and bn >0 with

bn→o. Thus
, by alternating test II. C-ITbn is convergent .

Hence
.

to!a÷ is conditionally convergent .



Example foul = 2nd
-

-

⑤ II
,

GD
"

Intl Ents

Gn -15

-

Soir Let an = C-'52n
.

Notice that

Gn-

an = C-is
"

} for large n .
So
,

an -130

D

as n -soo . Thus
,
Ian is divergent .

NI



Eixample I taint him one

⑦ EE
,

t't (7¥,)
n

n -so bn
a

E t

s.in First check II. 'ant = 7÷s '

na na

since n!u¥
,
= in for large n

,
we expert convergence .

let bn = nt . Notice that bn so tf n .

sand Eng n;I÷s .

n
'

= fin,
"4+1--1
nut 5

Since limit exists and IT IT is convergent, nn!÷g
is convergent by limit comparison test
so
,

C-'t.nu#g is absolutely convergent -



Example to
- m2

⑨ Eng C-ish n e-n
'

with an =
GD n e-

n? I ne
n=L

say : First test ⇐ tant = IE " E
" ?

§, Edda .
By ratio test

:

E: I :# - E: in"I
= tiny / Kt

) e-
n'- 2n - I

⇒ I

=L;m. I
e-
"" I

= 1 . O =O .

So
, by ratio test , we conclude Hot II Get n E

"
is

absolutely convergent



←
In sin cmExample 2

⑨ Ensino na ¥± I
n-_ I

n3-11
'

g

n SinCn )
Note that we expect I -⇒

to converge because
n-I

n sin (n)
⇐ = ÷ for large n .

Note that we can't use integral test because nsinn)
n3 +1

is not always decreasing .

Also
,
we can't use limit comparison

test because

him n÷In) .

n
'

=
lion missin doesnt exist .

n→D n3+1
n→a



Example
we can use simple comparison test :

Notice Isin n I < I

so
,

o - fnnI I < IIe
so

n

we know I ¥, converges by integral
-Ist

MI

west that t.hn?jnn1 converges by comparison

a

test - So, I nsinn
na Ff

is absolutely convergent
.




