
Differentiationandintegrationofpouers.es#
A power series has the form Cn (x- ash .

If a power series converges, we can provide
a meaningful interpretation of differentiation

and

integration of power series .

For example :

Enzo och = ÷ if Cal - 1 .

d-d.CI?oxn)--ddz(¥) if exist
f Eso x" doe = J# doc if lala 1 .



Diffevntiationofpouers.es#
Thom: If n⇐o Cn Cx-as" converges for x E ca

-R
,
a *R) for

÷÷÷::i÷÷÷÷÷÷÷÷:÷÷÷:
f-
'

ex) -- II
,

ncncx-ash
"

,
f"cxs= IInon-1) an Cx-as

"?

• We are allowed to differentiate term- by- term insider interval

of convergence
a Note that f-

"Isc) is also a power series .
The first non- Zero

turn of fck)ex) starts at index n = K.



÷÷÷÷÷÷÷÷÷÷
Like in differentiation, we can integrate term - by-term .

Important results - a
log Cltx) = I CI1 late 1

n-- o n + 1

A

arc ton Cx) = I seen
-11 fish
- la la 1 .

n=0 2n -11



Logcltx
Recall the geometric series

I
=
I t se c- x2+ . . . ,

12121
- N

l -se e- = 2- son

integrate both sides
:

n-o

- log CI-x)
= Ct se + ¥-1 ¥ + . . .

,
IKKI .

Since log C 13=0 , we get c - O ( use x = o)
•

n-11

So
,
- log Cl -x) = at zI+ x÷+ . . .

= -2 I ,
IKKI

n=o
htt

N

⇒ log Cl-x) = - I sent
't

- , belay
n=o n -11

subs; tile x → -Xiao * +I
d

⇒ log ( Ita) = - I
n

= I C- '5 an -11
-

n=o n=O htt K .



Anton •

Recall 1- = It xx x
"
+ . . . = 2- son ,

121<1
I-3C MIO

N

let x= - y
'
: Eye = Icy-Y = ⇐gGDny", lykt

I n=O

replace y with x : ,÷ = { C-Dmx" , 104 )n-_O
L

integrate both sides : tufts 1
•

c-,ynx2n+1
,

1×1<1amctoncx) = I
-

=no 2n -11

I§zdx= arctentx)



Example 1
The interval of convergence of Ezo nxnt

'
is Gi, 1) ( use ratio test) .

A

Find a compact formula for In x
"'

.

n=O

Soth : we start with a

⇒ =
It x +x2t . . . = I x

"
,
1×1<1 .

n=O

differentiate ort x .

A

z
= In an

-1
,
late I

'

• n±
n-I o .

+ Ina
n =L

multiply by x? v
a

µI↳ , = x? n x
"-_÷Znxn+t = In sente ixia I

'

-1I n=o



Example 2

¥simp6 compact formula for ÷g n' xn .

Recall from example 1 :

÷z= gnxn
-it
= =¥nxn-1 , exists

multiply by x : •
= I n an ,

exist

n=o

now differentiate : g

Cl - x52- 2x CI-*53 = I n
' xn-I

n=/



Example 2 contd .

multiply by x :

(C-x)- 2- 2x C l-xj) -x = FZ, n
'
x
"
= ÷gn2xn

so
, €7x= ji?" = Engman . '""I

C-x)



Example 3 .

-

2x - log (I + 2x)calculate L= him-
X-30 x.

2

Replace 1- = It xx x
"
+ . . .

12121 .

I-2C

Replace ye →
→c :
I = I- x -1×2-x3t . . . ,

lxl a 1

Ita no
integral both sides :

logcltx) =
x - 0212-1×31, - . . .

( t¢ )

replace se -327C

log Clt2x)
=
2x -

GE)z t 9×3/3 - . . .

So
,

a)
=
(2×2+97813 - . . .

) 1×2

x2

so,
lim 2-x-togc-D-2-l.ie#zI-zIk . . .) =2=
se-30 at



Examp
Calculate him x [ log Cat3) - log ( x-1137=2

.

⇒a

Sot Note that for large x .

log ( x-13) - log cacti
) = log ( x ( It 3%)) - log (xcitz ))
= hog Cx) + Log ( it ¥) - Logcx) - hog Citta)
= hog ( it 3z) + log ( I -1¥ ) .

Recall :

÷ =
It htht

. . . for Ihle 1

h

& log ( Ith) =
he + HI + hz3+ . . .

this 1 '



Eixample(contd) log ( ith) =
h + HI +¥ . . .

this1 '

replace h → ¥ : log Citta) = It II. + stat
. "

replace h → Sz : log (1+32) = 32 + 9¥ -123¥, t . - -

"
'
x (log (x-13) - log (xx))

=x Clog (I -1¥) - ↳CITED
"E -1) + x (¥.-i¥⇒+ . . .) - ' (Eet 's.at

. . )

→ 2 as a→
A

→ .



Taylorseries
Previously . we found power series representation of foe)

by manipulation of special cases (geometric
series) .

what about for a general function fee) ?

Find power series representation of fox)
near x=a .

So
, fox) = Cot Ce Cx - a) t Cz C

se- a} + . . .

-①

Hoo do we find Cn , n
-
- I
, 2,3. . . . ?

Remark : By writing fox) = Cot Ce Cx - a) t Cz C se
-AJ + . . .

we are assuming x is in the interval of convergence .



ts .

fox) = Cot C, Cx - a) t Cz C se
-as + . . .

-①

For co : substitute x - a in ①

so
, f-Ca) = Cot ca

-a) + Ca-aft . . . ⇒ co - f ca) .

For g : differentiate both sides and use ex - a

⇒ f
'
c) = Cz t 2oz Ex- a) +

3czCx-att . . .

⇒ f-
'
ca) = Ce t 2 ↳ Ca-a) + 3 ca ca

-a) t
. . .

⇒ CE
2

so
, assuming f is n- times differentiable , we get

a

c. = final fc = IcnCxaY .

-

n ! no



taylors.
' Theorem : If fcx, has a power series expansion about

"=a die .

f = FI on Ca-a)
n

,

x C- (a-R , a-R)m⇐÷÷÷÷÷¥÷⇐.n..e⇐r
° ⇐of Cx-ay is the Taylor series expansion of fatwa .

- Maclaurin series of f is just Taylor series of f at x -=o .



Example. a=o

#is the Taylor series of fox) - e
"

Soft: The Taylor series is fix) = II ex-as
"
.

Notice that
Ice" ) = e" ⇒ f'Meo, = I .
dxn

so
, e' = It 1-x e- ÷

,

sit typist . . . .

-
- II

,

.¥¥¥¥±
.
#

z
Y- text +¥

3



D

fcx> = 2- f'Mca) Cx-as
"

n -0-

n !

=t÷'cx-ai.fi?ncx-ai-itI?::a?fcx7=eK


