Quiz 2 solutions
Pulkit Gandhi

Solution 2:

We need to find the area between the curves r = 3> —2 and = = ¢¥ assuming a small segment
dy along the y — axis.

.". Required area = Red area - Blue area
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= area = / (e —y* +2)dy
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— area = (e’ — Z + 2y)
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= area=¢— — + —
e 3
which is the final answer.

Solution 3:

— k\
/ :
f \'\
f ‘
\
|

| |1
—

The goal is to find the volume of liquid needed to fill a sphere of radius R to the height of
%. Let us consider a thin horizontal disc of radius r at height y as shown in the figure.

R

.". the volume will be V' = /3 A(y)dy

0
where A(y) is the area of the disc at height y.

Since area is just 7r?, therefore, we need to know r (which changes with y). Using Pythagorean
Theorem,



RP=r"+(R—y)* = * =R~ (R—y)* =2Ry —

'and hence A(y) = m(2Ry — y*). Therefore, the volume needed to fill the sphere to height £
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— Aly)dy = IRy — 12)dy = — )| =
V/O (y)dy 7T/O(Ry y*)dy = m(Ry ), =75 5

which will be the final answer.
Solution 4: ;
/ 3 In(5t)dt
2

We will use integration by parts to solve this. Let

u= In(5t) and v'(t) =t

6 4 6 44
t 6 o1
2 In(5t)dt = — 1 5t‘ — [ = . Z=dt
/2 et = 5 o), - [ 5
64 24 t* |6
In(5-6) = = In(5-2) - —
= 7 n(5-6) : n(5-2) 6l
64 24 64 24
= — 1 — = In(10) — — + =
T n(30) T n(10) 16+16

— 324 In(30) — 80 — 4 In(10)

which will be the final answer.

Solution 5: g
I:/ _ dx

Va2 + 16
1
I = —8/—(13:
Va2 +16
Sode =

We will use trigonometric substitution to solve this problem. Let z = 4 tan§.

4 -sec?f db.

Using this substitution , we get

[:—8/ 1
Vv16tan? 6 + 16
[_—8-4/ 1

4 ) Vian?o+1

1
I:—8/—-sec129d9 rsec’f =1+ tan’0
Vsec2 0

-4 sec®d db

-sec? 6 dé




I:—8/se(30d0

I =—8-In(]tanf + secd|) + C
Using the Pythagoras theorem,

V2 4+ 16
4

I=-8-In(Jz + Va2 +16[) + C

I:—8-ln(|%+ )+C

which is the final answer.

Solution 6:
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The goal is to find the area in the shaded region. Assume, without loss of generality, that
the bigger circle is centered at (0,0). So, the smaller circle is centered at (0,h), where
h = v/ R? —r2. The area in the shaded region is given by

.

r

Shaded area :/ (top — bottom)dz, (1)

-

where the top is given by the equation yi, = Vr? — 22 + h and the bottom is given by

Ybottom = V R2 — x2. So, we have

Shaded area :/ (Vr2 —a?2+h—+VR?—2%)dx

:/ (Vr2 — 22+ VR? —r2 — VR2 — 22)dx
:/ \/r2—x2dx+/ \/RQ—T’QdI‘—/ vV R? — 22dx

—~ —~ —~
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Notice that integrals I and I71 are similar. We solve I using trigonometric substitution of
x =rsinf. So, dr = rcosfdf and



2 cos?(0)do

/ V12 —1r2sin? 6 r cos(6)df =

—

)

r

:5/005(20) +1db (2)

r? (1.
=5 (5 sin(20) + 0) +c

:% (sin(@) cos(6) + 0) + c, (3)

N

where (2) holds because cos?(6) = % and (3) holds because sin(26) = 2sin(#) cos(#).

Now note that sin(¢) = £ and cos(f) = ”Lw . So, we have

2 2 .2 "
1= |5 (e e |
2
= [3 (arcsin(1) — arcsin(—l))}
_7rr2
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Similarly, we have

R2 — 2 T
2 _ 2 _ :
/\/R 2 dr = (R Ia + arcsin (R)> +c

and

TV o8 R2 — o + arcsin(z) r
R R J)]_,
U VI = + arcsin(ﬁ) _ZrvRor arcsin(_—r)
R R R R R
9 /R2 — 12
—R7 <ET 7 T4 2arcsm(;)>

=rvVR2 —r2 + R? arcsin(}%).

So, the shaded area is



Shaded area =1+ 11— 111

7T7“2

:7 +2rvVR2 — 12 —rVR2 — 12 — R? arcsin(}%)

=5 +7rvVR2— 12— R? arcsm(;)




