2. Linear Least Squares
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Linear systems
Least squares properties
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Least squares for data fitting
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Fitting a line to data

Fit a line to observations y; given input z;, i=1,...,n

minimize 71. Z(yl — )2

s,c
i=1
subject to sz +c=¥;
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Fitting a line to data

n
minimize Z(yZ — )? subject to sz +c=1;
s,cC
i=1
Reframe as least squares problem

m

minimize || Az — b||3 = Z(aiTx— bi)?

i=1
where .
2 1 n
n 1 o
A= 1, b=
Zm 1 @m

Solution z € R? contains slope s and intercept c:

-
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Example: Polynomial data fitting

Given m distinct points ¢; (eg, measurement times) and values (eg,
measurement values): -

(tla yl)7 (t27 y2)a SRR ) (tma ym)
Goal: fit a polynomial of degree n to the m points: n
p(t) = 20 + Tt + 1t + ... 4 2,t"  (2; = coeff's)

If n=m — 1, then can fit perfectly:

n
t
p( 1) yl 1 tl t%tm Zo yl
p(t2) = 9o 1oty B8 1 Yo
) or =
: 2 t& - .
Pltn) = ym T e~ B
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n
Often better to approximate with a lower-order polynomial, eg, § < m. Must

then settle for an approximate fit:

p(th) =yt 1t £...0® 70 n

p(t2) = 4o 1ty 20| 5 Yo
or . . ~ .

p(tm) = Ym 1 b tgn o t:bn‘ ne Yrm

e
Vdvdlhfmo.dc. matkio .

There are fewer unknowns than equations, and so we fit in the least-squares
sense:

m
minimize % [p(t;) — )4
Z0y-+sTn—1 —1

=
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Linear systems
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Solving linear systems
Find z where Az ~ b.

m=>n m<n m=n

® m > n overdetermined (possibly no solution)
® m < n underdetermined (possibly infinite solutions)

® m = n might be invertible (possibly 1 solution)

Least-squares problem finds “best” (in 2-norm sense) solution to Az = b:

® residual vector r= Az — b en N A *-Y n?_

. flnd x* such that ||Az* — b|| < ||Az— b|| for all z x
< I~
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Solving linear systems

Find z where Az = b.

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
z z z

1 solution many solutions no solution
overdetermined underdetermined overdetermined

b € range(A) b € range(A) b ¢ range(A)
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Least squares properties
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Back to least squares

2" = argmin || Az — b))
T

Normal equations
AT Az = ATh

Residual
™ = Az* — b, ATy =0
x* satisfying normal equations is minimizer, may not be unique
y* = Az* is unique
(Why? Hint: reformulate as quadratic over y.)

In MATLAB or Julia
x=A\D
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Geometry

Recall

® range(A) ={y: y= Az for some 1} AT
0null(AT)={Z:ATZ=0} - {d*'bl iéRC‘};); \G’eﬂc DS
Orthogonal complement: l‘

range(A) @ null(AT) = R™.
e forall ze R™,

z=u+v wucrange(4d), wvenull(AT), «Tv=0

® 4 and v are uniquely determined.
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Geometry

A=lay ay -+ a,] where acR™
MuN l\ "\:’t" !ﬂ’\‘
ze®"
null(A)
T B\/ r= AXLS - b
h
a AXLs
aQ

0 range(A)

b= Azrs+, Azps € range(A), renull(AT)
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Least-squares optimality

orthogonality of residual r= Az — b with columns of A

air=0 ay
T
(12 T
or |l r=0 or A'r=0
T, -T L/_J
a,r=10 al
A
equivalent conditions:

ATr=0 (r=Az—1)) and ATAz=ATb
e—

projection y := A5 is unique: suppose z # y and z € range(A). Then
z—y Ll b—yand .,cwl‘%gumﬂ.“ia

1o =2l = b= y+y—2* = [b—9ll* + lly = 2> > |b— ¢
-

Thus, no vector other than y is optimal.

%5 is unique if and only if A is full rank /YCA) /)/CA })
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Example p

e
-y
1 0 —
|
o1 9
minimize §||Ax— bl5
where (1
1 i by = o
€4
A= =ecR™ and b=|:
1 - by o

What is z*7
AT}W': A'b
> =z = 5 Y
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® Gradient

® Hessian

Least squares

m

mini;nize flz) = %HACL‘— bl|Z = %Z(a?m— b;)?
h A amadriz Aek

Vf(z) = AT(Az — b) s PSD J;-
2 A= 20 ‘g"

V2f(z) = ATA "
X ER

Is the Hessian positive definite? positive semidefinite?

Ans: Always positive semidefinite. Positive definite if A has full row rank.

Conditions for z = z* to be a global minimizer?

AT(Az* —b) =0

These are the normal equations of the least squares problem.
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