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Positive semi- definite matrix .

Definition :

A symmetric matrix A ER
""

is positive semi-definite

if ocTAx Zo for all x C- Rn.

Notation : A 30

Similarly, A symmetric
matrix AER

""
is positive definite

if x'Ax > 0 for an non - zero
a c- Rn (ATO

)

If x is a eigenvector
of A ,

Ax = XX

⇒ xTAx=
Xxix .

Z O

-

⇒ 770



€ .
Which of the following

statements are true .

i . If A is PSD
,

A is invertible .

ii. If A- is PD
,
A-
it

exists and It is also PD .

iii. Let fcxs = II Aoe- b. 1122 . For all x, the Hessian of

£ has non-negative eigenvalues .

-

pick one:
=

A) i B) ijii c) ii. iii



G2�bi b[m�`2b

KBMBKBx2
t

7(t) := R
k‖�t − #‖k

k =
R
k

K∑

B=R
(�h

B t − #B)
k

• :`�/B2Mi
∇7(t) = �h(�t − #)

• >2bbB�M
∇k7(t) = �h�

• Ab i?2 >2bbB�M TQbBiBp2 /2}MBi2\ TQbBiBp2 b2KB/2}MBi2\

�Mb, �Hr�vb TQbBiBp2 b2KB/2}MBi2X SQbBiBp2 /2}MBi2 B7 � ?�b 7mHH `Qr `�MFX

• *QM/BiBQMb 7Q` t = t∗ iQ #2 � ;HQ#�H KBMBKBx2`\

�h(�t∗ − #) = y

h?2b2 �`2 i?2 MQ`K�H 2[m�iBQMb Q7 i?2 H2�bi b[m�`2b T`Q#H2KX

j f Rk

Few = Is Aoe-b, Ax-b> = Is A-x.Ax>
- Ktx,b) +ebbs

= ICA'tx. x.2 - SATs,a> +
115112

xTATAx = HANIF
> O

column

AGED



Z_ 7�+iQ`Bx�iBQM
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P`i?Q;QM�H �M/ Q`i?QMQ`K�H p2+iQ`b

hrQ p2+iQ`b t ∈ _M- v ∈ _M

• _2+�HH +QbBM2 B/2MiBiv
thv = ‖t‖k‖v‖k cos(θ)

• t �M/ v �`2 Q`i?Q;QM�H B7 i?2v �`2 ǳT2`T2M/B+mH�`Ǵ

thv = y (cos(θ) = y)

• t �M/ v �`2 Q`i?QMQ`K�H B7 i?2v �`2 Q`i?Q;QM�H �M/ MQ`K�HBx2/

thv = y, tht = R, vhv = R

8 f Rk



P`i?Q;QM�H K�i`Bt
Z ∈ _M×M Bb Q`i?Q;QM�H B7 Bib +QHmKMb �`2 �HH T�B`rBb2 Q`i?QMQ`K�H

Z =
[
[R · · · [M

]
, ZhZ = ZZh = A

• h?2M i?2 BMp2`b2 Bb i?2 i`�MbTQb2

Z−R = Zh

• AMM2` T`Q/m+ib �`2 ǳBMp�`B�MiǴ mM/2` Q`i?Q;QM�H i`�Mb7Q`K�iBQMb

(Zt)h(Zv) = thZhZv = thv

• k@MQ`K Bb �HbQ BMp�`B�Mi
‖Zt‖k = ‖t‖k

• .2i2`KBM�Mi Bb 2Bi?2` R Q` @RX Uq?v\V

/2i(A) = /2i(ZhZ) = /2i(Z)k = R

e f Rk



P`i?Q;QM�H K�i`Bt
Z ∈ _M×M Bb Q`i?Q;QM�H B7 Bib +QHmKMb �`2 �HH T�B`rBb2 Q`i?QMQ`K�H

Z =
[
[R · · · [M

]
, ZhZ = ZZh = A

• h?2M i?2 BMp2`b2 Bb i?2 i`�MbTQb2

Z−R = Zh

• AMM2` T`Q/m+ib �`2 ǳBMp�`B�MiǴ mM/2` Q`i?Q;QM�H i`�Mb7Q`K�iBQMb

(Zt)h(Zv) = thZhZv = thv

• k@MQ`K Bb �HbQ BMp�`B�Mi
‖Zt‖k = ‖t‖k

• .2i2`KBM�Mi Bb 2Bi?2` R Q` @RX Uq?v\V

/2i(A) = /2i(ZhZ) = /2i(Z)k = R

d f Rk



Example
Ose

The rotation matrix
^

of::÷n:) ¥.
is orthogonal .

Cheek : GT@ = (
Corotsind O

° coto-ss.ro)
-

- C :D



Z_ 6�+iQ`Bx�iBQM

r?2`2
• Z Bb Q`i?Q;QM�H UZhZ = ZZh = AV
• _ Bb mTT2` i`B�M;mH�` U_BD = y r?2M2p2` B > DV
• Ẑ bT�Mb i?2 `�M;2 Q7 �
• Z̄ bT�Mb i?2 MmHHbT�+2 Q7 �h-

AM CmHB�-
UZ-_V 4 [`U�V

�Hr�vb 2tBbib 7Q` �Mv � ∈ _K×M

3 f Rk

Assume the first K columnsof A are linearly indp.
•

÷,→
non- Zero

RCA)⑦ NCAT)
m

= IR



_2/m+2/ UǴi?BMǴ- Ǵ2+QMQKQ/2ǴV Z_ 7�+iQ`Bx�iBQM

6Q` � ∈ _K×M 7mHH `�MF

1[mBp�H2MiHv-

�R = `RR[R

�k = `Rk[R + `kk[k

�j = `Rj[R + `kj[k + `jj[j
XXX

�M = `RM[R + `kM[k + · · ·+ `MM[M

N f Rk



Using Projection to find 0 .

Given raters v
,
w EIR ? the projection of v onto o

U

? @ -awJw=O
is projwv = 7 w /:-

2W
'

Given a matrix A- = [as az . . . an] #→w
projwv

we can find Q with RC I = RCA) and Q ortho-

normal by : r.

~

G1 = as

E- a. - projq.az
±

:

L

§n= an - projq.am - - r -

'

projqn.edu qj-az-proja.az
qµ= Tok 11190,412



aQHpBM; H2�bi b[m�`2b pB� Z_

KBMBKBx2
t∈_M

R
k‖�t − #‖k

k

"2+�mb2 k@MQ`K Bb BMp�`B�Mi mM/2` Q`i?Q;QM�H i`�Mb7Q`K�iBQM-

‖�t − #‖k
k = (�t − #)h(�t − #)

= (�t − #)hZhZ(�t − #)
= ‖Zh(�t − #)‖k

k

=

∥∥∥∥

[
_̂
y

]
t −

[
Ẑh

Z̄h

]
#
∥∥∥∥

k

k

= ‖_̂t − Ẑh#‖k
k︸ ︷︷ ︸

(R)

+ ‖Z̄h#‖k
k︸ ︷︷ ︸

(k)

URV Bb KBMBKBx2/ r?2M _̂t = Ẑh#- UkV Bb +QMbi�Mi

Ry f Rk

EL:]
2

11kHz

④Ctx-b)Ic- I .

⇒auf

QI [9£)
1161122



:2QK2i`B+ T`2bT2+iBp2

• P`i?Q;QM�H T`QD2+iBQM K�i`Bt,
RX � b[m�`2 K�i`Bt S Bb � T`QD2+iBQM K�i`Bt B7 Sk = SX
kX � T`QD2+iBQM K�i`Bt S Bb �M Q`i?Q;QM�H T`QD2+iBQM K�i`Bt B7 S = ShX

• G2i � = Z_X
RX ẐẐh �M/ Z̄Z̄h �`2 Q`i?Q;QM�H T`QD2+iBQM K�i`B+2bX
kX 6Q` �Mv # ∈ _K- ẐẐh# Bb i?2 +HQb2i TQBMi BM `�M;2(�) rX`XiX k@MQ`KX
jX 6Q` �Mv # ∈ _K- Z̄Z̄h# Bb i?2 +HQb2i TQBMi BM MmHH(�h) rX`XiX k@MQ`KX

RR f Rk

PT: :3

p? p



aQHpBM; H2�bi b[m�`2b pB� Z_

KBMBKBx2
t∈_M

R
k‖�t − #‖k

k

J�i?2K�iB+�HHv

�h�t = �h#
_hZhZ_t = _hZh#

_t = Zh#
t = _−RZh#

*QKTi�iBQM�HHv
RX *QKTmi2 � = Ẑ_̂
kX *QKTmi2 v = Ẑh#
jX aQHp2 _̂t = v

JQ`2 +QKTmi�iBQM�HHv bi�#H2 i?�M bQHpBM; �h�t = �h# #v 7Q`KBM; �h�

Rk f Rk


