3. Linear Least Squares

® Example

® QR factorization
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Least squares

m

1 1
mini;nize flz) = §||Aac— bl|Z = 3 Z(a?m— b;)?

£z L4 Ax-b, Ax-bd = .L<Afj,4,)- LA, 2) A<l
* * LAz, 2> - $AbD

Gradient =
Vi) = AT(AZ— ) ol
. 2
Hessian T _ ]
V2f(z) = ATA 2TAA = = 1A=,
20
Is the Hessian positive definite? positive semidefinite? a,luemn

Ans: Always positive semidefinite. Positive definite if A has full 4 rank.
Conditions for z = z* to be a global minimizer?
AT(Az* —b) =0
These are the normal equations of the least squares problem.
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QR factorization
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Orthogonal and orthonormal vectors

Two vectors z€ R", y € R"

® Recall cosine identity
2Ty = |22l ll2 cos(9)

® 1z and y are orthogonal if they are “perpendicular”
T, _ —
z'y=0 (cos(d) =0)
® 1 and y are orthonormal if they are orthogonal and normalized

tTy=0, zTz=1, 4Ty=1
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Orthogonal matrix

@ € R™™ is orthogonal if its columns are all pairwise orthonormal

Q=[an - @), Q'Q=0QQ"=I

Then the inverse is the transpose

O l=0qT
® Inner products are “invariant” under orthogonal transformations
(Q)"(Qy) = +"QTQy = 2"y

® 2_norm is also invariant

1Qzll2 = ]l

® Determinant is either 1 or -1. (Why?)
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Orthogonal matrix

@ € R™™ is orthogonal if its columns are all pairwise orthonormal

Q=[an - @), Q'Q=0QQ"=I

Then the inverse is the transpose

O l=0qT
® Inner products are “invariant” under orthogonal transformations
(Q)"(Qy) = +"QTQy = 2"y

® 2_norm is also invariant

1Qzll2 = ]l

® Determinant is either 1 or -1. (Why?)

det(]) = det(QTQ) = det(Q)? =1
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QR Factorization
Asowe #o bnt K aauzwmr—? A o L‘-\Lub ivellp-

m—k
D non- 2

m A = (2

Q

where RCA—)@ N(A\)
Q is orthogonal (QTQ = QQT =) m

® R is upper triangular (R;; = 0 whenever ¢ > j)

n
R

o Q spans the range of A

® () spans the nullspace of A7,

In Julia,
(Q,R) = qr(d)

Always exists for any A € R™*"™
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Reduced (”thin”, "economode”) QR factorization

For A € R™*" full rank

Equivalently,

m

ay
az

as

an

n n n
Rln
Al=] @
= Tiq

r12q1 + T22G2

T13q1 + T23G¢2 + 13343

Tng1 + T2nG2 + -+ + Tandn
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Solving least squares via QR

1 a
e Az —b 2 -
minimize  oflAz—bl; X b
Because 2-norm is invariant under orthogonal transformation,
UV
\l*‘r.(l

'1
(Az—b)"Q"Q(Az—b) _ “a\( +

[Az—0l3 = (Az—0)"(Az— D)
1QT(Az— )3
2
| (\blt,

) )
(80k=e) = i

| o — QTH|3+ | QI3
—_— Y—
& [‘ T 1) ()

) is minimized when Rz = QTb, (2) is constant
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Geometric prespective o O‘)
® Orthogonal projection matrix: P’ A A

1. A square matrix P is a projection matrix if P> = P.
2. A projection matrix P is an orthogonal projection matrix if P = PT.

e Let A= QR. pl: %

1. QQT and QQT are orthogonal projection matrices.
2. Forany b€ R™, QQ7b is the closet point in range(A) w.r.t. 2-norm.
3. For any b€ R™, QQTb is the closet point in null(AT) w.rt. 2-norm.

null(AT) = range(Q)

- ’ r=aan
r's
aq 4
o aan-ane S
range(Q) = range(A)
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Solving least squares via QR

1
L “NAz— 2
minimize 2H z—b|3

Mathematically
ATAz = ATh
RTQTQRz = RTQ"b
Rr = Q"b
r = R1Q"»
Comptationally

1. Compute A = Qf%
2. Compute y = QTb
3. Solve Rz = Y

More computationally stable than solving AT Az = ATb by forming AT A
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