
5. Nonlinear least squares

• nonlinear least-squares problem

• Gauss Newton method



Nonlinear least squares



Nonlinear least squares

• The NLLS (nonlinear least-squares) problem:

minimize
x2Rn

1

2
kr(x)k22, r : Rn ! Rm (typically, m > n).

• “Residual” vector

r(x) =

2

6664

r1(x)
r2(x)
...

rm(x)

3

7775
, ri : R

n ! R

• Reduces to least-squares when r is a�ne:

r(x) = Ax� b

←
differentiable functions

r
;
ex) = aix - b;



Example: position estimation from ranges

• Estimate x 2 R2 from approximate distances to fixed beacons

• data: beacon positions

b1, b2, ..., bm

• measurements

⇢i = kx̃� bik2 + vi

• measurement error:

v1, ..., vm

• NLLS position estimate solves

minimize
x2Rn

1
2

mX

i=1

r2i (x) =
mX

i=1

(⇢i � kx� bik2)2

• Must settle for locally optimal solution.
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Model fitting .

~

Estimate model parameters 0 from noisy observation :

foe ;D
data : sampling locations

"

o ICI , Dlzg . . . , Im
@
,

& o
O

non-linear model fcxjo)

i
.

.

• measurement :
-

o
. .

p
,
= fcxi ;8) + Vi

NILS model fitting solves :

mfn EI Casa. - fcxi; 035
-

If f-Gg;O) is linear in O , ① reduces to

linear Least squares .



Gauss-Newton method for NLLS

given starting guess for x(0)

repeat

1. linearize r near current guess for x̄ = x(k)

2. solve a linear LS problem for next step

until converged



Gradient

The gradient of a differentiable function r :
IRIS IR

at x is :
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Gradient of residual . ca)

main fan. E. :c..
-

""" [c⇒]
Necessary condition for optimal

- ty of x :

%¥⇒=E⇒2nic⇒ Fix;c⇒ = a Trix's rod

" '* =L:÷÷=a÷:÷In⇒ o

9 necessary

Derivativematrix- condition .

If rGD= Ax - b .

Tf =o ⇐ A'(Ax-b) = O
{ normal equation .



Nonlinear least squares

• The NLLS (nonlinear least-squares) problem:

minimize
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1

2
kr(x)k22, r : Rn ! Rm (typically, m > n).
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Linearization of residual

Linearization around a point x̄ 2 Rn:

r(x) =

2

64
r1(x)
...

rm(x)

3

75 ⇡

2

64
r1(x̄) +rr1(x̄)T (x� x̄)

...
rm(x̄) +rrm(x̄)T (x� x̄)

3

75 = A(x̄)x� b(x̄)

where

A(x̄) =

2

64
rr1(x)T

...
rrm(x)T

3

75 2 Rm⇥n, b(x̄) = A(x̄)x̄� r(x̄) 2 Rm

and A(x̄) is the Jacobian of mapping r at x̄.

Linearized least-squares problem used to determine x(k+1)

x(k+1) = argmin
x2Rn

kA(x(k))x� b(x(k))k22

main {Hr HE =

grin I
HAexTx-b- II

← Derivativematrix

A-x -r

x'
o)
- initialization

←

satisfies → AGITA Code) x = A GDDT block)



Dampening

Expand the linear least squares

Ā = A(x(k)) b̄ = b(x(k)), r̄ = r(x(k))

x(k+1) = argmin
x2Rn

kĀx� b̄k22

= (ĀT Ā)�1ĀT b̄ (if Ā has full rank)

= (ĀT Ā)�1ĀT (Āx(k) � r̄)

= x(k) � (ĀT Ā)�1ĀT r̄| {z }
step

Dampened Gauss-Newton

x(k+1) = x(k) � ↵z(k), z(k) = argmin
x2Rn

kA(x(k))x� r(x(k))k2

for 0 < ↵  1.
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Gauss-Newton method for NLLS

given starting guess for x(0)

repeat

1. linearize r near current guess for x̄ = x(k)

r(x) ⇡ r(x̄)�A(x̄)(x� x̄)

2. solve a linear LS problem for next step

z(k) = argmin
x2Rn

kA(x̄)x� r(x̄)k22

3. take damped step

x(k+1) = x(k) � ↵(k)z(k), 0 < ↵(k)  1

until converged

main { Hr HE








