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Positive definite and positive semidefinite matrices



Types of symmetric matrices
Consider a square symmetric matrix A = AT € R**"?
® A is positive definite (A > 0) if

2T Az >0, Ve#0eR"

® A is positive semidefinite (A > 0) if

T Az >0, VreR"

The matrix A is negative definite iff —A is positive definite

A<0 << —A=0

The matrix A is negative semidefinite iff — A is positive semidefinite

A=<0 << —-A*>0

The matrix A is indefinite if 27 Az > 0 and 37 Ay < 0 for some = # y € R".



Example 1

Claim: A= 0
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2T Ay = 223 4 13 — 22129

= :p% + (x? — 2179 + l’%)

= 224 (zx;—22)2>0 (sum of squares)
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Claim: A >0 Proof: xS O <=) x; > o
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tTAx = 223 423 — 20119
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Can 27 Az = 0 for x # 07 (Why?)



Example 2
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This matrix is indefinite. (Why?)



Example 2

This matrix is indefinite. (Why?)

2T Ax = ij + x% + 4x170

Pick x = (1,1),
T Az =6

Pick z = (1,-1),
2T Ax = -2



Example 3: Diagonal matrix

a1 0 0
0 a99 0

A — ] . . ] c Rn><n
0 0 Ann

Then

® A>0 < a;; >0foralli
® A>-0 < a;; >0foralli

Proof:
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Example 3: Diagonal matrix

a1 0 0
0 a9 0
A= ,
0 0 Ann

Then
® A>0 < a;; >0foralli
® A>-0 < a;; >0foralli

Proof:
f

if

T - 2 >0
x Ax = E Qi X5
i=1 {Z 0

Now suppose that a;; < 0. Then pick x = e;.

2T Az = aq; < 0.

G R’I’LXn

aii>0,x7é0
ag; > 0,2 #0
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Eigenvalues and eigenvectors



Eigenvalues and eigenvectors

Let A be a square n x nand x # 0 € R™. Then
Az =Xz, z€R", AeR

where e NLA-. 7‘1)

® 1 is an eigenvector

® ) is an eigenvalue

Examples:
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Eigenvalues

Let A be a square n x nand x # 0 € R™. Then

Az =Xz, z€R", AeR

where

® 1 is an eigenvector

® ) is an eigenvalue

Examples:
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Eigenvalues

Let A be a square n x nand x #0 € R™. Then
Az =Xz, z€R", AeR
where

® 1 is an eigenvector

® ) is an eigenvalue

Examples:
1 1 1
A=11 1 1
1 1 3
1 1
A=0,z= -1 or A=2,z=|11|,

or




Eigenvalues of symmetric matrices

If A is symmetric, it has n eigenvectors :

AIl = )\1.731, AIQ = )\23]2, ey Al‘n = /\nﬂin
Matrix form «(-l ov rovmenal X p) XT;Q; I
A XxxT=1I
Az, o, @p] = [T1, oy Tp] or AX = XA
X A

—_——
Thom: Assum C?\,V,‘) awl(‘o', /‘\7'13 an 4,‘5«.‘)&‘13 r? A
Eigenvectors are orthogonal ]:'f NEY Rew x wa =0
A
Tzj=0, Vi£j, X'X=1 < X '=X" if normalized.

€Ty

Matrix is diagonalized by eigenvectors
A=XTAX = diagonal

A nedrx A—g OLHQVJSALIQ .—9 X ow iyxvo\bbl
sl P U D= p'AP.



Eigenvalues and definiteness

n x n symmetric matrix A is PD (positive definite) iff all eigenvalues are positive

Proof: XTAX = A = diag()) eigenvalues

® For any vector z € R", take y = X7z <= Xy = 2. Then

A=y XTAXy =y Py = Ny}

i=1

° Thus,m;éO,xTAx>0 <= \; > 0 for all ¢

® Examples

1 0 2 1
A1|:0 2:|7 A2|:1 2:|7 A37

— =
e
L = =



Sufficient conditions for quadratic functions



Minimizing quadratic functions

1
migiergize flx) = §xTAx +blz 4,

Gradient and Hessian

Vi) = Az +b, V()= A
Finding optimal points
1. Find = z* where Az* + b = 0 (stationary points).
2. If A >0, then x = z* is a global minimum

3. If A 0, then x = z* is a unique global minimum

Proof:



Minimizing quadratic functions

1
migiergize flx) = §xTAx +blz 4,

Gradient and Hessian

Vi) = Az +b, V()= A
Finding optimal points
1. Find = z* where Az* + b = 0 (stationary points).
2. If A >0, then x = z* is a global minimum

3. If A 0, then x = z* is a unique global minimum

Proof: for all z # z*,

=Ax0
f@) = f(z*) + (& —2")T Vf(z") + %(w — )T V2 f(a*) (@ — a*) > f(a)
——

=0 0



Sufficient optimality conditions

(o) forg 07 bz c

minimize
zeS

® ¢ =z* S is a local minimum of f(z) if
Vf(z*) =0, V2f(z*) =0

® x =z* € S is a global minimum of the quadratic function

fz) = %ZL‘TAZL‘ +bTz+c Qdﬂo!lh

Vf(z*)=0, V2f(z*)=A>0
® x =z* € Sis a global minimum of the general function f(x) if 5

Vf(z*)=0, V2f(z)=0VzeS

e.g. f(z) is convex. V).;(QL") »0
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