
09 . GRADIENT DESCENT

° Descent methods

° Descent direction and step size
• Gradient descent .



Descent direction

- Unconstrained optimization (non- linear)

min fax) . f: lRn→R cont . diff .
HEIR"

• We will consider iterative algorithms of the form
select = sake dkdk

¢§ a÷
"

2K := step size dk : = descent diretion a

• (Definition) A search direction is a descent

direction for f at ocean if the directional derivative

of f at x is negative , ie :
f-
'

Cx ;D) ÷ TfCx5'd so .



Descent property
If f is cont. diff . and d is a descent diretion ,

then f ESO s 't '

feat ad) < fc⇒µfc⇒Td so
for a ECO, E) .

PIF: . Because f-
'

(x; d) so we home :

lim fcx+ad)-f# so

a→Ot 2

• Using definition of limits, F eso et .

fcxtad) - fcx) so for a Eco, e) .

-

&
lime fax) =L use Ce, f) definition of limit -
Koa



Gen - Method for Descent direction .

Inti . ignition : choose x EIR?

For KE O, I, 2, . . .

@ compute descent direction
d Rn

.

⑤ compute a step size ak s.

-L. fcxkiakdk) sfcxk)

② update ode" = xk+ akdk

⑨ stooping criteria .

Question :
=

. Hoo to choose dk ?

• what are advantages/ disadvantages of different dk?

• them alone compute dk ?
• sloping criteria ?



Stepsize selection dk .

• Constant step size : dk= IER for all k .

• Exact line search : choose ak that minimizes
the

1- dimensional optimization problem
2k : = avg min fcxktddk)
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• Diminishing stepsize : choose ak that satisfies .

D

2K-50 and Idk=D
KEI

eg : aka Iz , Iq



• Backtracking
"Armijo

"

lineseased : for some

parameter MECO,1) reduce stepsize a

Ceg: a ← 42 starting at 2=1)
. until

f- Cock) - fcxktadk) Z -na Tf
Jdk .

-

Oecd) = fcoektadk)⑨
K

'¥:c:c:: :*:c:*:c:
"

!⇒code) + an -VfCx'D
'd"

-
du ,2g satisfies the sufficient

a's a'
a

'

AL
,
Lz by a decrease conditions .



Sufficient decrease condition.

° The sufficient decrease condition is satisfied for

small enough 2k .

°

suppose d ¥0 ,
DEIR

"
is a descent direction of

f- at se . Let u e cost) . There exists ESO s't

fix) i fixed) Z -naff DTD
.

for some 2 C- Co , If



Escort line search for quadratic function .

An exact line search may not
be possible for general

function but is possible for quadratic function
.

,

f-Go = { xTAx + b.Tx te
,
at E O , A-A

Exact linesearch sole 1-d optimization problem
min feat ad) .

-

Tf = Axe b .
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Derivation : fcxxad) = cxiad'5Acx-ad) +
btcxxad) -1C

={¥Ax+axTAd + Izhdttdtbtxtabdte
so
, otdgfcxtad) = octad + adTAd+bTd=adTAdtdTfGD
so, dqfExxad3=o ⇒ a = -dTTf yo

dttd





Gradient desert .

d.
"
= - ga gKI Tf Cock)

• The negative gradient diction - gu provides a descent

d-ration .

f-
'

Cock; -gk) =
-Tfcxk)Tg← =

- light so

if sek is not a stationary point
• The negative gradient D= - FfCoD is the steepest
direction of descent i. e .

main { f'Cx; d) I HdHz= I } .



proof: f
'

Gc;D) = Tf d

2- ttvfcx) 'll Ud" Cauchy Schwartz
= -FfGesu I Ff'd I ENTAIL lldll

The lowes is achieved by D=
-TFI
"Tf 11



Input : Eso tolerance

xo starting point
.

For k=0, I, I , . . .

• evolute gradient gk = Tfcxk)

• chose astep size Lk that satisfies

f-Cock- akgk) ⇐ fcxk) . 01 Cock-aged

• scktt = rock - 2kgK

• stop if vTfcxk+DK Ee .












