
10 . GRADIENT DESCENT

° Gradient Descent

° Step size selection

• Scaled gradient descent
.



Gradient method.

Input : e so CtoCorona)
Xo EIR

" Gloating iterate
) .

For K = 0, I, 2, . . .

• evaluate gradient g,
= Trfcxk) .

e-choose step length a, based on decreasing fcxeettgk)
.

• 9Ck+z= XK - dkdgk
'

• stop if 11 Tfcxxii) Hee .

If f = Iz x'Axtbtoeic , A- 70

dexaet = - Tfcxk5o y o dk=
- 8k '

de
'-

Adk
fears)=xky~ ⇒ A= [too] , b=[8) s c - o .



"

Zig-Zag
"

of Gradient descent with exct line search .

Let see, ok, . . . . xn be iterates of gradient
desert

with exact line search . Then

⇐+2
- xxx )

"

takes "K) -

Op
• 7
"

:*
.



Gradient desert method with constant step size .
° Constant step size i.e

LEI Kao
, 1,2, . . .

• I is too smart ⇒ convergence is slow

I is too large ⇒ gradient method diverges .

Hoo to choose I ?

• I has to satisfy a- c- Co, amaze) for method

to converge

• damage is determined by Lipschitz constant of Tf.



Lipschitz continuity of Gradient
.

A continuously differentiable function f
:lRh→R has

a Lipschitz continuous gradient with parameter
L if

11Tfcx)- TfCy> H E L Ux- yll (2- norm ) .

for all se, y
and some L EIR .

Example: fox) = { E'Axe btxtc
A 70

Tfw = Ax+b .

'HTFGD -Ffcy > 11 = 11 Ctxtb) - City-b)H

= KA Cx-ySK = Hacked lex-811
-

11×-511

Example : E "All 11×-8 "
nail = Xanax CA) -

A-[lo ET, 11All -_ 2 HAH = sup HANI
11×11=1



Constant stepsize threshold.

° If f. cRn→lR has a L- Lipschitz continuous gradient
and a minimizer exists , then the gradient method
with constant step size I converges if

I E CO , 216) .

For example : Quadratic function .

• f = {x'Axe Exec A=[
'

o 9) .

• L = HAU = ImageA)
=3

• Assume minimizes exists C BERCH)
° Gradient method converges for It cost)

.



Convergence of Gradient method.

For the minimization of f. RISK banded below

with L- lipschitz gradient and one of the line

search :

① constant steps.ge a-⇐ co, 2K)

② exact bieseareh

③ back tracking line search
de ECO, IS .

Then
@ f-Case,⇒ a fork) for all k-0,1. . . . unless

TfCxk3=O I decreasing) .

⑤ HTFCXKS 'll → O [ stationary points .



Condition number of a matrix .

The condition number ofa man positive definite
matrix.

A is defined by
Ken . u[*⇒÷::⇒]

• ice-conditioned if KCA) is large .

• condition number of Hession at solution influences
.

the speed of convergence of gradient
method .

te F'fcx.) .

KCH) small implies fast convergence .



Rosenbach Faction .

forceps) = too Coca-xE5 + CI-xs5

Tfcxgsxz) = f-uooxecxz-xIJ-zct-xsd-oocxz-x.se) )
TffCx. >xD =

f-
400×2+1200042+2 -400ns

-worse,
zoo
] .

Solution Gcs ,xzJ= CIA) ( check Ffa,D= O)

Tff (I.1) = [802
-UW] Aurigae globalmin .

-Uco zoo

backtracking : fix me cost) . reduce a until

f-Cock) - f-Geeta die) Z - na Tf Tdk .














