
14. Convex functions and problems

• a�ne sets

• convex sets

• examples
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Previous lecture
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Convex set : A set S is convex if for
any points x.YES and 7 EEOOIJ the

point 2x t CI-a)yes .

-
line segment ⇐

Convex Hull: The convex fence of S contains
all convex combinations of points in S .

convo) = { a /x=÷7ixi , ai ES, 7.70
↳ CD Fg's.-I ,

KEN}



Euclidean ball and ellipsoid
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Euclidean ball centred at x⇤ with radius r:

B(x⇤, r) = {x|kx� x⇤k2  r}

Ellipsoid: Let P � 0. The set:

{x| (x� x⇤)P (x� x⇤)  1}

= -{Iiru l Hellas I}

T

S =

THIS:L: Inane

Alternatively :

S = { octet pre / HulkEI, Pbo}



Norm balls
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Norm: A function k · k is a norm if it satisfies:

• kxk � 0 and kxk = 0 if and only if x = 0

• k↵xk = |↵|kxk for any ↵ 2 R
• kx+ yk  kxk+ kyk

Any norm ball with centre x⇤ and radius r:

B(x⇤, r) = {x |kx� x⇤k  r}

Proof : Let my E BCx ;D , X C-To, 13

Let z = X x t CI- x)y

112--7911 = 11 Xx +Ct y - x
- 11

= Had - txt) + Cl-⇒ Cy- xD H

E X Kx-sell t C - a) Hy -sik

e- X rt CI-Dr = n



Convex cones
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A set S ✓ Rn is a cone if x 2 S () ↵x 2 S 8↵ � 0

A set S is a convex cone if

A convex cone contains conic combinations of its elements

x, y 2 S () ✓1x+ ✓2y 2 S, 8✓1, ✓2 � 0

I . X, yes ⇒ a-15 ES.

Z - KES
,
720 ⇒ AXES .

comic

/
combination .

L

Given K points {x; 3¥ ,
a conic combination of

{Xo } is x = aioli , Xiao .



Examples of convex cone
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WE
.

• Non-negative or that : #

Ren= {x / x, so ,
i = I, . . ., n}

• Second order cone

Len = {[¥3 ER
""/ KeckEt , XIII! }

C-7-O
' Ans "IIqnefzgep.mil "all e-t.IE:L

.
}

• Positive semi- definite core :

In= { X / re
'Xu 20 ,

u
ER
"}

S!
+

- set of positive Infinite
matrices

.



Operations that preserve convexity
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Linear combinations

Intersections

Let SI , Sz be convex

and he saz C- IR Then

4-Set azsz - {asexual Seese , szESz}
is convex .

⇒ s.si: ss::::::
Linear Maps :

A C- IRM
'm

,

S C- Rn
,
S- convex .

Then ACS) = {As / SES} is convex .



Convex Polytopes
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S is a convex polytope if it is the intersection of halfspaces

⇐ {xlaixe.be } µ##={a/AxEb } ¥x⇐b
,

A- I:*:] .
"

wins
E-ampz.ie: East

s={ ocean ) ⇒ "it

⇒
(0,40)



Separating hyperplane theorem
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If Ss ad Sz are non- empty and

disjoint convex sets .

There exists a ¥0 and b. ER.

"

atxeb for an sees,
a

② ATX>b for all x ⇐ Sz .

aTx=b

The hyperplane { x/a5e=b} is the

separatinghyperplane .

s
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→
a
aTx=a5co

a support.gg?:::t9pY'T
'

at exo at boundaryof-5 is\
{x / ate = atxo}

with ato,
atx E atco for all x C- S .

Supporting hyperplane theorem :

Every boundary point ofa convex set

has a supporting hyperplane .


