
16 . Linear Constraint

° Reduced gradient
° Optimality conditions



Linear constrained optimization

min fox) s- t Ase - b
,

KEIR
"

where . A ERM
""

,
m En

• f : R
"

→R is continuously differentiable

levee sets off⑥
• *← optimal point

F:={xIAx=b}
Fis the feasible set (set ofpoints that satisfy const.}



Variable reduction

Reformulate the linear constrained problem
into an

unconstrained problem . ( change of variable) .

Let
① I EIR

"

be any point with
Ase = b .

Jc is a particular solution of
Ax -- b .

② Z be a basis for Nunc A) .

NCA ⑦ RCA
') = Rn

If A- ERM
"

is fuel roo rank , ZE ?
Feasible set :

{set Ax= b} = { It Zp / per
'm

}



Reduced Unconstrained problem
min fax) s- t Ax -- b ⇐ qiqn.am fC5ctZp

) .

KERN

° Reduced the linearly constrained problem
to an

unconstrained problem in n- m variables .

• Use any
unconstrained opt. method to get pt

.

• Solution to constrained problem x*= I c- Zp* .

2nd order sufficient and.
A point x* Epi is a

strict local minger of fcx) if
:

① Tfcx*) = O

⑦ Tff E) 70 .



Optimal-ly conditions .
Reduced objective function

fzcp) = f- (It Zp) = fC5c* zip;)

The gradient of fz at p is :

Fft = Z¥C5c+Zp)

Stationary :
A point p* is stationary if

FfzCp*) = o ⇐ Z
'

Ff(5c+Zp*) -O

⇐ Tf ( I +Zp*) E Nuu(E)
-

i.= get



First order Necessary loud.
Show Nuu(E) = Rouge CAT) . A c- RMM

,

Ze RN
Cn -m)

N(E)⑦ RCZ) = IR
"

and RCA
') ④ N (A) = R

"

• Z is a basis for Nuu(A)
⇒ NCE) = RCA

') .

So
, V-fztx.DE NEED

⇐ F a germ such that

FfCx*) = Aty
First order necessary

coned. A point at is a local

minimizer of ① only if there exists
a pointyERM

St .

① Optimality : Tfc = ATG
② Feasibility : Ax*= b .



Interrelation
The optimal

-ly cool : There eoginsts y Eam s-t .

FfCx*) = A Ty = I. Yi aii= I

← dual variable , Lagrange multiplies
.

⑧÷÷:'s.. III:
non -in

Ingegerd, require FfCx*)
to be

→ a
in RC AT) .

a'x=b



Second order necessary and .

fzcp) = f-(It Zp) , Tfzcp) = E'Ff( I +Zp) .

The Hessian of fz at p is :

V→f£p) = EFFCE +Zp) Z
E Rm×m

Second order necessary cord. Apoint at is a
minimizer only if

① Cannata) ETFcx*JZ
30

① (Feasibility) A x#⇐ b .



Optimality condition .

Second order sufficient condition .

A point x* EIR
"
is a strict local

minimizes

of① if it
satisfies .

I ' CFeasibility) Ax*=b

2 . (stationary) FfGc*)EN(
AT)

⇒ Tfw = A'y for some y ERM

3 . C Positivity) E'Tiffs 2-do

⇐pt-vfcx.jp > o for all p
ER (⇒yo}

⇐PTT'fCx*) peso for du p ENuu#1903 .



Example
Consider

min 11kHz sit - Ax - b .

KEIR 's

WLOG : assume foxy = taxis as objective function
.

so
, FfGd= see

First order optimality :
① Tf c) C- RCA

') ⇒ x- Atg for somey .

② Ax = b .

⇒ E: :3 IN



Example contd.
So
, if Ax=b is Ex - I .

,
weget

L' ⇒ I'd :L:]
⇒ - etxtetey - o

⇒ Eeg -_ I
⇒ y= In
⇒ x

# = e-

±


