
Constrained optimization
min fox) sit xES - C ')
KEIRN

• f: lRn→R is differentiable
• S is convex set

° If 5=112" : ate is stationary ⇒ Tfc =o .

Deft:(stationary point) x
- is called a stationary

point of CD if Tf
"Cx- x'920 for any set C-

There is no feasible descent diretion of fat x* .



stationary point in Rn.

If G- IR? the stationary points are x*

satisfying
qf Tex-x'920

forall x c- IRN
.

pick se = so- TAGE) ⇒ - kTf 11 I 0

⇒ Ff =O .

Reduces to stationary condition for S-R
?



Necessary Condition

Them: Let f be a continuously differentiable
function over a convex set S and let x* be a

local minimum of ④ . Then set isa stationary
point :

•
•

A-# t--=x*
at



Example
If:L . fox) s. -t x

; Zo 2- = 's . . . , n

characterize the stationary points : Assume Eisstationary.

⇐ Ffc Ex- xD Z o tf x
,
Zo

⇐ V-fcx-jx-Tfcxjxtesotxz.IO
⇐ Ffcx.) so and - Tfc Tates O

(why? because atx + b 20 for all azo Es azo , BIO)
Note that oetezo and Tfex.) 20 ⇒ x: §¥Cxa) =
s"

8¥.cm, f
- o
,
xiao

Z O
, 27=0



Normal cone .

We can express necessary condition in terms of
normal cone .

For se ES
, define the normal cone of S at se

NsGd - {gear : gtcz-x) so , Tees}
=

NsG*3={o} - E
-
e 1%6*3 =

or
,

→
'7

⑥
3¥ get \ x*

.

t

-
-

interior smooth boundary non-smooth bud.



Example
rn if x=Z

1. Let 5=22-3 . Ns (⇒ = { § otherwise.

2- Let 8={2/11×115-1}

NsGd={
" it "x%=z

{o} if Hoechst

& otherwise



Stationary point and normal cone

Them: Let f be a continuously differentiable
function over a convex set S and let at be a

local minimum of ④ . Then

- Tf Ee) C-NgCx*) .



Example: x is in interior of S .

We say
that x EIR

"
is in the interior of S

i

Gceints) if
there exists eso such that for

all VERN , octaves
.

let s = {x / uxuz=1} .

intCs) = § .

let 5=9×1 Kooiker} int Cs) = { ofCHILLI }
'

Chaim For
any x E intCs) , s converse g

NsCx> = {03 .

PEF: for any g , pick v=g
or v= - g '

Eg 'T = gtcz-⇒ SO , Z=xtEv
ES .

or
- E g 'T = GTCZ-x) SO, Z - X- EV ES .



Example : Normal cone to affine set
Ng = {GEIR

" / GTCz-x) so ,t ze s }

Affine set S - {x IA,=by .

p
ENCA)

• Trick : shift He set . Define S
'
= { z- se / ZE S} .

Then NsGd = {GEIR
"/ g 're so, t re ES

'}

= {GERY g're so, Fu c-NuteCA)}
• If uE NCA) and g Tres O, then - n ENCH and - GTUIO

'

• Therefore, Nyc⇒= { GEIR
"I gTe=O, HENCH} = RCAT)

• Verify :pick any g c- RCAT
) . Then

GTCZ- x) = UTA Cz-x) = V 'Tb -b) = O .



Example : Normal cone to affine halfspace .

Affine half space : S
= { x / Ax E b } = {x : a:X Ebo, it. . .in}

What is the normal core of S ?



Projected gradient descent .

goyim fox)
s. t . x E S .

projected gradient descent :

sakti- poojgcs.EE a
'" Tfcxc")) ,

where prog's CZ) = argmin Ux-Elk .

x.ES

s



Geometry ofprojection -

prog 's (⇒
= argmin -211 x

- Zhe
sees

• If XES then psojscod = K.

• optimality cord . for projection
: since TpGd

-
- x-Z

x = prog's c⇒ ⇒ Cz-oejcy -⇒⇐o H yes .




