
Converse functions
° Projected gradient descent (demo)

o convex function
• 1st2nd order characterization of

convex function



Projected Gradient descend
min foe) subject to x ES .
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Convex Functions

• A function f: S→ IR defined on a convex set

SEIR
"
is called convex if
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Convex functions
of is strictly convex if for all x.y E S

f-CX xx CI-Day) L Xfce) +
a-⇒ fcy)

for all TECO, 1) .

The function is not flat
-

° f- is concave if -f is
convex .



Examples
Convex functions
• affine : a'xt b for any a EIR

"

,

b EIR .

° exponential function
: ed" for any

AER
\

° powers : set for solar x >O , when a 10 or 221 .

• absolute value : look for all a 21 .

G norm

Concave functions .

• affine functions ( both
concave

and convex)

°

power set for scalar XIO , when OEd Et

o logarithm : log for x. So .



Affine functions .

Let fcx3= atxtb . To shoo convexity,
take

x.y EIR
" and DE Eo, I] . Then

fc Xx + CI-a) y)
= a'(xx + Ct

-⇒g) +b .

= Take CI-⇒ aty +Cl
-⇒b tab

= Afca>t CI-⇒ fcy)
.

Thus , convexity of f follows
.
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Examples
Affine feneticns are convex and concave

norms core convex -

o IRN
• affine function : fox>

= a5T←b

° norms : llxllp = (¥2 x;D )
"P
for p 21

.
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( matrices) .

• affine function : f-CX) ⇐ TrcAtx) +b
-.IE?Eaiij.xij-b .

• spectral norm : Comox singular value)
-

f-CX'D = KXH, = amazeCX) = (XanaxCE



Jensen's inequality
Generalization to convex combination of any number

of vectors .

Let f:C-3112 be converse where C E IR
"
is convex .

Then for any set, . . .Xk E
C :

fc xD E II>ifcxi)
k

with 7,20 , -27=1
.

it

In probability theory : if X is a
random variable

f-( EGO) E E(f-Gcs)



Restriction to lines .

The function f : S→ IR is converse if and only if

gca) - fcxt ad)

is convex over IR for ace aces and d EIR?

god

f

¥
f- convex ⇒ function in one

variable convex



Example
①fog = I xttxt b.Txt e is convex ⇒ A 40

f-Cata d) = I CxtadJTACxtad) t b'Catholic

= £xTAxtaxAd + a2dTAdtb5c-a btdtc
= 2- d.TAD e- acxttdt b Td) + (Ixtttxtbtxtc)

② false log dat Cx) , f: SIT → IR

f-CxtaD) = log dnt CXTAD)
= log oht + log ohtc It a

X
"

D)
= bgohtcx3-T.IT log (1+22;)

•here Ti are eigenvalues of X
-'

D .

⇒ f-CHAD) is concave in a ⇒ f is concave.



→open
First order characterization .

f: S-3112 is differentiable if the gradient
Ffcx) -- C 8¥94 , . . . . Offenses )

exists for all aces .
1storder condition : Let f : S→ IR be continuously
differentiable with S EIR

"
convex .

Then f- is converse

"ft
fog + If Cy-x) Efcy) , for any x,yes

.

f-Cy)
foot Tfcx'5Cy-x) ( first

order approximation) is aglobal¥x. foes) underestimates.



Second order dlharaetesigation .

f: S→Rn CS EIR "open) is twice differentiable
if FfCx) exists for ace x ES .

2ndorder cheraterization : for twicedifferentiable
fwith

convex S :

① f is convex iff Ff to for all

x ES .

② (sufficient and for
strict convexity) . If

Tff 70 forall x ES , then f- is strictly
convex


