
Convex Functions

o Examples of 2ndorder characterization .
° Operations preserving convexity
° Levelset and epigraph



Last time : 1st and2ndorder coed
1st order condition : f : s →R ( differentiable) with

convexS

is convex off

✓ foot Tfcx'SCy -⇒ I fly) ,
tf y , x ES

.

\

2ndorder condition : for twice differentiable
f :S→R with

convex S
, f- is convex iff

Ff to for all sees .



Example
1 . fox) = set for a 20 -

f-
"

Cx) = a ca-D xd
-Z

'

I:c:c:c: :÷÷÷ ::*
.#

z. Quadratic - over- line : fax,ys= x7y
over C={Godley y

V-2fcx.es) = Is ZE KO, Z=[¥] .

Least squares objective : food =#Aoe -b12
7 Tfc = AT(Aoe-b) .

(
Ff = AIA Yoo

aways
convex.



Example contd

3 . Entropy function : fcxs = - ¥yxi log Gci) on simplex .

In :{ x c-Rn I x.io , sci - I}

fat =
-bgexis - I ⇒ §÷¥⇒= -I

,

Hession is diagonal with C -V2fCx));;
= -¥.

⇒ Entropy function is concave.
4. Log sum Exponential : fed = log( II. eat") , yes Ii

FfCx) = ¥ diag Cg) - ¥ygayyT A=Ia* . . . and

verify TFC do for ace x .



Operations that preserve convexity .

Verify convexity of function :

① Using definition : fixate-⇒y) E Xfc
+ Chaffy)

② 1st and 2nd order and.

③ Operations persearing convexity :
o non -negative multiple
o sum

° composition with affine function.
• composition with non- decreasing convex function
° pointwise maximum of convex functions.
o minimization .



Non - negative onultple; sum and affine composition

o f- convex over a convex set SEIRM , 220

⇒ af is convex on S.

o fog , . . . . fk convex over a convex set SEIR?
.

⇒ feet . . . tfk is convex over C '

° f- convex overa convex set SEIR? A- ECR
"'m

,
BER?

⇒ gcy) = fcttytb) over D= { y l Aytbes} .



Example fam -
- ayy

quadratic -over- linear : hey,E)= 115117£ is convex ones

C. = { ( E) ERM
-11 / y ERM, ESO } .

hc = ¥41 IE bit c- sum of convex
function .

generalized quadratic ores linear :

AEIRM "? b ERM
,
c= 112^1903 , dGR

.

g Ge) = HAsctblihlcctxid) is convex over

D= { KERN L ctxxd SO } .

because g
= h ( Ax+b, Extol) is a linear charge

of variable of h ⇒ g is convex .



Composition with a non-decreasing convex function .

o f : C→ R is convex over convex set CER?

g : I→K is a one dimensional non - decreasing convexTnc .

Assume fcc) E I . ( image of f is contained in⇒ -

h = gcfcx)) is converse over C.

Example : h = e
"""
'

is convex because .

gct) = et is non- decreasing convex function .

and fox) = 110412 is convex .

Non-example : It there a non- convex h ohne g i fore
convex?

g =x2
, f = x'-4 #hee)= GET is not convex .



Pointwise maximum of convex functions .
° far, . . , fk are convex feretory ores#convex set CER

?

⇒ fox) = Max fick) is
convex

'

Z'EEKJ

IKI = { I, . . ., K} .
over C .

great Caius
) E n,rax art Yax

bi

Example : f = on.ax 9×1 , . . , an } , X EIR
?

is convex .

Example : f = x[⇒ +
. . . + x ,

whee sea,
is the Kth

largest component of x. is convex
because

f-GO = Max { diet . . . + oh;D ik C- { Is . . . ,
n} aediffeht}

-



Minimization
o f : CxD →R convex defined over the set

C xD where C E Rm
,
D ER

"
are convex

.

g
=

omg
'm fcx,y) is convex on C.

ED .

q
"

Example : C EIR
"
be aconvex set

The distance fenton :

dcoe, = min
Kb- all

YEC

is convex over R? i



Level set
° f:S→R defined over a set SER

"
. a- levelset

of f is : Sa -_ Sixes / f Ea } .

• f :STIR convex defined over a

convex set SEK? Then every level
set of
"

f- is a convex set

• f : S→eR is quasi convex if forak#
AER
, Sa is convex .

I



÷;!
""" "" '' ÷:.€i

shoo 72+4- a)y C- Sa
FETED

show fcxxtcl-a) y) sa .

, f Ed

f-Cased






