
22 . convex functions

• level set

• Epigraph
o optimality for convex opt.



Level sets

° The level set of a function f :S→ IR is a set

↳ Cf) = [FELT I {a ESI fax) Ed }
-

o

• f- is convex ⇒ an level sets are
convex .
↳

PIF: . Take x.y c-↳ Cf) . Fon fox)
Ed

, f-Cy>⇐a

• Because f is convex
,
for any O EEO,IT .

f-COX t CI-OSy) E O flood +
Cl- a) fry)

E O at CI - 03a
= a

. so
, fl Oxx CI-O)y) E↳Cf) ⇒ ↳Cf) is convex .



Quasi- convex Functions

• Converse is not necessarily true :

del levels of f convex /⇒ f is convex function .

• eg : fox)
-
-
bei't

#⑥↳

I
• all level sits off convex ⇒ quasi

- convex functions .

• f is quasi- concave if -f is quasi- convex
.

• f- is quasi
- linear if it is both quasi

- convex and

quasi concave .



Extended Red- valued Functions p
n

c. Extend f :S → IR to I :Rn→R by) f
FGd= {

food xes ①
* acts . Th

° effective domain : domCI) = {ocean / IC
so} .

• Convexity : I is convex if for any x,y EIR! FELON
.

Faxed -⇒ y) E XFC +Cl -⇒ Icy).

⇒
.
dom CF) is convex

• for any x, y Edom Cf) and
XETO.IT .

f-Cxxtu-a)y) E Xfce)tu
- fly) .



Epigraph

of:S→R defied over a set S
C ezeatfndadtad

The epigraph of f
is function .

epi Cfd
= { (f) ER

""

/ exes , f Et }
'

# epi (f)
.

EEE
#

C- Rn

• epi Cf) is convex iff f is convex .



Support Function .

° Let S EIR". The support function of S
at x is

g. Gc) =
max ooty .

convex

,

YES ⑧• oa
,

• Let fj. IRIS Rusa} , itI /
where I is on arbiter} index set- -qfc⇒ as ay

Then
, the fanatics .

S= convoy i3)

Max fi Cx) is convex asf -VfCx)) = as
ifI

• Support function is convex ( even if Sis not converse) .



Example
o S = Baco) = {y ERM IlyHII} -

g Cx)
= max E'y

= Hall

YES

If k¥0 , then

xty I 1121111511 E Hall

and equality is achieved if y = I
119112

• S = { y EIR" Ily H1 EI}
% = max x} = Kako

YES



Convex optimization problem
• Optimization problem with convex objet're f:

"

→IR

and converse constraint set S
-

min food subject to a
ES .

IC-Rn

o (Localmin = global min) . Let SEES bea C.strict)

local minimizes off over S . Then act isa (strict)

global minimizer .

• global mini>es ⇒ fcx
.) ← fog) V y ES

.



Global optimal-ty of localmin

x.
J = Xy+ CI-⇒x , X E IT.

proof local minimum ⇒ F rso s-t. fCx*) s fly)
=

"
co

forau y E B Coo, r)

• Let y ES and pick X s
.

-C . yn= ay+Cta
)x
-EBGii

• fcx'S Efc Xy+Cta) x
") E Xfcy) +Cta) fix

) .

• Rearrange ⇒ SfcxD s > fad
.

⇒ few a- fog .



Convexity of optimality set
• The set of global minimizes of a convex opt

'

problem is a convex set
.

X.= { x.ES / FG
Efad , Hs ES} .

• Inaddition, if f- is strictly converse ,
X
"has at

most one
element .



Sufficient 1st order condition
•Creole)f : C→ R continuously differentiable over convex set C '

sci -
local minimum ⇒ at is stationary point

⇒ TfCx*5Cy-x*) Zo forall yeC
Cdf)
⇒ -TfCx*) C-NscxD

• f : C-SIR convex continuously diff . over convex set C .

see local minimum ⇒ sea is stationary point
-

f-G) Z fax'D + If Ky-xD , f-yes .

I fax
.) .

I



Linear programming
-

min Ix s :L. Ax=b
KIO

-
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