
Duality
• Primal&dual program
• Strong duality
• Farkas Lemma



Primal and dual programs
• If we transform the dual into an equivalent minimization
problem and then form its deal , we obtain a problem

equivalent to the original problem
the deal of the deal is the primal

.
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Weak/strong duality
Themes If x is primal feasible and y is

dual

feasible , then Ix z b'
-

y .

• If the primal optimal cost is - N, then the deed
is infeasible

Suppose the optimal cost is - so and deal
has a

feasible solution y ⇒ b'y E -D ,
which is impossible .

• If the dual optimal cost is so
,
then the primal is

infeasible .

Thoms If a linear programming problem has a optimal
solution
,
so does its dual , and pie = It.

'



Sufficient condition .

Suppose that Ge, y,⇒ is primalIdeal feasible
.

By week deal .ty : xzi-EZ-a.by

By strong duality , if cosy,⇒ is primalIdeal optimal:
Ex = .

Connersly : If zTx=0 , then
.

• Ioc achieves upper
board

• b'y achieves lower bond

therefore Cx
, y,⇒ is primalIdeal optimal

.

Theorem: The primal Ideal Gay,⇒ is optimal iff
=

Aoc -_b
,
x.20

,
ATytZ=c, ZEO , Ex -O .



Relationship between primal and dual LPs .

Recall : for linear program , exactly one of the following
three possibilities hold : suppose p*=-A and
① There is an optimal solution dud problem has feasible

② The problem is unbounded
Y ' Bs week duality ,

Exziby b'y E - to which is
③ The problem is infeasible. impossible .

primal
finite optimal unbounded infeasible

finite optimal ✓ X X

got unbounded X X ✓

infeasible X ✓ ✓



Interpretation of dual variables
primal duel

min Ex max b'
'

y
se y, Z

s .t . Ax - b s .t Atytz -c
x20 z 20

suppose x* is optimal and non- degenerate , then

a*= [
B-o'b)

→ °
and x; co - B

"

(b -' ' '' b)Ismael
→

BIT = CB e .

Reduced cost 2-
*
= c-A} * doesn't change . This cocked,y9z*)

is primal/duel optimal and optimal cost is

93543 = CBT B-Tb +Esb) = y
'Cb +↳b) =yTbtEyTDb

Small change of b results in small change in optimalcost .



Certificate of infeasibility
• Consider standard form constraints : A-x=b, x so

• Certificate of infeasibility : If there exists

some venter
y s . t - Atg 20 and bty so,

standard form constraint is infeasible .

Atyeo ⇒ E'A'y Zo for
all x IO

big so ⇒ SEA } * big for an xso

⇒ Ax * b for all se 20

Fantasma : Let A C- Pimm
,

b ERM .
Then exactly

one of the following two alternatives hold :

@ There exists some x Zo smh that toe -b

⑤ Then exists some valor y s.
-t ATY 20 & btyso .



Geometric view of Farka's lemma
Let a

, be ith column of A : A -_[lq , lay . . .

la;)
Then A-x = disco → linear combination of

Nae

#
a.

ahem. 7- A .

ytz>O.IM. .
.⇐ .#s#ytz<
0

In figure, Axtb for any azo because we

the hyperplane {zlytz =o} separates b and {Ax last}



Separating hyperplane them
• Every polyhedron D= {x /Aacsb} is closed.

•Sepo¥: Let s be a non empty closed convex

subset of IR" ad x*ERN bea ✓enter that

does not belong to S . Then there exists some

vector c c-Rn smh that Isis Ex t
XES .

C
-

• S={Ax 1×203 is closed -

5- { cx.us/Ax--y,xzo3 - is a
polyhedron

• xx

and S= psojy (5)




