
Interior point method



History of interior method
The simplex method:
° invented by George Dantzig in 1947

°
" oalks

"

the edge ofthe polyhedral feasible
set

° Gorst- case complexity is exponential (may need to
visit every)

vertex

• experience food some analysis ) suggest orage polynomial complexity
Interior point methods CIPM) are a radical departure from the
simplex method :
• IPMs traverses the interior of the polyhedral set

• (impractical) polynomial algorithm for LP first proposed
by Kachin ( 1979)

• Karmakar 4584) offered first
"

practical
"

polynomial LP
algorithm .



Big idea

• Constraints are hard to
dealwith

• Let's turn them into penalties
• We know how to deal with smooth unconstrained

problem .



Penalty function

minimize fox) subject to hoax) 20 it, . .im
x Ax=b

• f
,
h;

: → IR are convex and twice differentiable
• A- c- IRM 'm with rank (A) an .

Reformulate as

rmjcn food + IT
,

delhiCH) sit Ax=b

Conditions
→

avoid boundary
• 0/+63 → * as s → O

→ penalty parameter
• Ecs) → a farads 20 as C-→ so ??



-

Ind-cater Friction

First pass example
:

Is = {
° it sees

• if x#s

Then
,
we can reformulate
min fcx) min foot Is Cx)
x

as x

5. t x ES

However, this problem is not easy to solve .
The objective

is not Cingeneral) differentiable.



Eliminating nonnegative constraints

Apply to the primal problem in standard form :

Mgm
Ex subject to Ax=b ,

SCIO

The core difficulty in LP is the pressence of 220 .

Eliminate non-negative constraint via barrier fonction :

Bt Cx) = Ex - EZ log Cx;)

• - log fkj) → N as Xj → Ot ( defined as a for Defeo)
- log

• - t ? log Cx;) → N as Xj → Otµ,O



Barrier function
(Pt ) minimize Beca) sit . Ax=b -

se

• minimizes of the
barrier problem depends on t :

Xz solves Pj .

• minimizer of Pe is unique for
each E because of

convexity of Bt '

÷÷÷o⇒ a
.
-
-

of:!j%G
""

• Xp



Example

minimize a subject to a 20

SC

Btw = x- t log Cx)

dqBt = I- I =o ⇒ soft

⇒ lim Xt =D

C- →Ot



Example
minimize x

, subject to a,txz+xg=I , SCIO
74,921×3

Be = sea- t Ggcxe) - tlogcxa)
- tbgcxz)

II
min Xz - t tog Coq) - tlogcxz)

- C- logCI - og-Xz) BI

2C,gXz

⇒ x+Ct3= txt
)
→ I

2

saith l- 2£
- 1++272
-

→ o

Z

x
,

= I - sczct) → I
a- a X:{cxnoidlx.IE:}

This problem has infinitely many solutions :



Example
min Ex subject to Axeb
x

Reformulate as

mjcn
Ex - t.IM?logCbz.-aEx)
-

i. = lotCx)

Gradient tote = t . A'z
,
z = 1-

bi-aEx

Hession THX) = t -A
"

diagCETA .

• pick some t to start

• solve approximately main Ext dela)
• decrease t



Primal barrier method

Solie a sequence of linearly constrained
nonlinear

functions :

choose Xo SO
, to >0 (II), I <

I

repeat
¥, argon

'm Beca) subject to Ax=b

tkti ← T.tk

until te is
"smell

"

under mild conditions x,e→x* .




