
Approximating functions near a specified point

Using a calculator
,
we can compute

sin ( Fo) I 0.09983341 . . . .

Hoo does a calculator compute this ?

The idea is to approximate sin GD using functions which

are easily computable .

5-✗

We see the graphs of

" """" """" "" od •
= "

are very close near

x=O



Hence
,
we can compute f- = since) with FCK)=x

near 2--0 .

f-Co. 1) I FCO -1)

⇒ sin co -1) I 0.1

The error in the approximation is

Ecsc) = I Fcx) - fool
E- (0-1) =/ 10 - I - 0.09983341 . . . . I = small

Our goal is to come up with a systematic way to

approximate fcnetion and to understand the error in the

approximation ↳
usingpolynom.at#



Éxampk
Let for> = VI

a) write doon the degree 0 polynomial (or
constant

approximation of fcx)
at x=4 .

¥y : Fox> is degree Opobnomid-2

FC 4) = f-Cu)

Theconstant approx . at x=4 is
FGeJ=2

⑥ Use the constant approx.
above to estimate

f-CU .D.
f-Go = Fcx) = 2

so
, f-Cui) = OF = 2 .

4
⇒ 2.02485 . . .



c) write down a linear approximation of food atx -4.

The linear approximation is the

tangent line to y=fcx) at ✗ ⇒.•"-T→D=2+IgGc⇒Let Fcx) be the linear approx .

RHS : F-(4) = f- (4)
y

F'Cu) = f-
'
CU)

It has a slope of f-
'
CU) and passes through (4) feces)

F-Ges - f CU) = f-
'
ca) ( x- 4)

⇒ F = f-(4) + f-
'
(4) Gc -4) .

Now
, f-

'
Cx> = Ioa a fku

SO
,
linear approx, Fcx) = 2

-1 tycx -24)



⑨ Use linear approximation to estimate fcu.IS .

f-Cut) I FCU -1) FGc)= 2+1-44-43
= 2+4-(4.1-4)
= 2 + = 2-02-5
c-

Note that ↳= 2^02485 . . .

So
,
our approximation is

close .

Error
,
E- (4.17--11--14.1) - fcu.is/

=/ 2.025 - 2.02485 . . . I

= 0.00015 . . .



Let fcx) be a function which we want to approximate .

near x=a by a function Fox) .

Constant approx ( degree 0)

Require Fca) -f- Ca) } →
Fcx) = f-Ca)

Linear approx . (degree 1)

Require Fca> = f-(a)

F' (a) = fig, }→
FGD = f-(a) + f'(a) ex-a)

Quadratic approximation (degree 2)
.

Require : Fca) =fCa) , Flea) = f-
'
cos & F'

'
(a) = f-

"

(a) .

Find a quadratic polynomial Fox) satisfying these conditions



Quadratic approximation

Any quadratic function con
driven as :

Fox) = A + Box
- a) + Ccx-at

want to find A, B , and C. Note
that

Fkx> = B + 2C Ex- a) ,
F
"Cx) = 2C

Since function value, 1st derivative , 2ndderivative are aged .

Fca) = f-(a) ⇒ Fca) = A = f-(a) .

F'Ca) =f
'

(a) ⇒ B = f-
'
ca)

f-"(a) = f-
"
Ca ) ⇒ 2c=⇒ c = If#a) .

Hence
,
the quadratic approx

. to for) at x=a is :

Food = flat f-
'

(a) Cx-a) + If
"(a) ex-a5



Example
Find the quadratic approx. to fax>

= Fc at x= 4 .

and use it to approx. fc2.IT .

Solution : the a -4 in the quadratic approximation .

f- (2)= XYZ , f-
'

(a) = 1-2×-42 , f-
"Gc) = -tux

"2

fca)= 2 , f-
' (a) = 4- , f-

"(a) = - ti =-152
so
,
the quadratic approx Fox> is

- You

Fox> = 2 + f- Cx-43
+ I. c-%) Coe

-45

""

Fox> = 2+1-44-2)
Fix)=2 -1 Iucx - u) - there-45h

'

y



Note that f-CU -D = FCU -1)
f-CU)

⇒ V47 = 2 + 4-(6.1-4) - Iu (
4. 1-45

= 2.02484375 . .
-

so
,
error

,
EC4.1) =/G- 2.02484375. . . /

= 0.00000192

Not bad!

Eye : Use a firedrake approx:-#to

estimate
f-Gc) = f-(a) + f-

'(a) Cx-a) + Iz f-
"(a) ex -ai

we need to choose a point x=a, where we can easily
evaluate f-Ca), f-

'
G) , f-

"(a) - and near x--or /

Choose a = 0 .



N#e: fax > = ex , f
'

= ex , f"cx3=eK.

, f
'

G) =L , f-
"
Co7=1 .

So
, Fcx) = 1-+ 1.

Ge- o) + 1-2.1 CX
-032

= 1- +x -1¥

¥-6: fcx) = Fox
)

⇒ f-CORD = e°" I 1+0.1 -10¥
= 1 . 105

True wake of el
"
= 1- 10517. . .



Tayhorpolynomial
In general we can approximate a function food at>c=a

with a degree n polynomial for ang n 20
-

We write Tncx) for the nth degree Taylor

polynomial approximation of food
at x=a.

Tacx) = f-(a) + f-
'
(a) Cx - a) + £ f-

"Ca) Cx-if

Joc) = fca) + f' (a)
ex-a) e- { g-

"(a) cx-ajh-zt.IE?a)Gc-a5

The notation f-
"↳ means the 3rd derivative of

fcx) evaluated a =a .



In general,

Tncx ) = f-Ca) -1¥
.

f-
"'
ca) c-a) + f-↳Codex-a)I . . .

+ ÷ f-
'"
Ca) (stash

there
,

n ! = 1×2×3 × . . . ✗ n
"
n - factorial

"

0 ! = I c-D ! = n÷
The nth degree Taylor polynomial Tn Gc) off

atx=a

has the property :
Tn Ca) = f-Ca) (

also written as Tn Ca) = f
")
(as)

Tn
">(a) = f- (a)
:

Tn
"
Ca) = fcntc.at

"
" daivtiw off .



Summetiontvotation ex-at

Tncx) = f- (a) + ¥, f-
"'
ca) ex-a) -1£, f Cas cx-ai-i.r.it#Iaf-

This is a bit tedious to orite doom .
Another example.

f- 1-422-1 . . + ri

we can use 2- C capital sign) notation
to write this :

S = £ K2

index →1<=1

This reads as sumof K2 from K egads 1- to n . Similarly

Tn Gc) = £ ¥ f
""

(a) Cse -ask
1<=0

The special case a -0 is called a Maclaurin polynomial .



Exercise :

Cheek that Ty C-e) has the property Tc⇒c⇒=f%,
Tyla> = £ ¥ f-

"'
case>c-ask

for i = 0, 1,334 .

k=O

E¥pk : compute the degree 5-polynomial of ex
at

2=0 . (compute the degree 5 Machen'm polynomial
of ex)

Self : Let fcx) = ex . .

Want Tgcx) at 2=0
.

Note f-Gc) = ex , f
'
ca)= ex

, . . . , f-
'⇒

= ex

so
,
fco) = 1, f-

'

co)-1
,

. . . .

, f- CD = 1 .

Is c)= fco) +¥fYo) Cx-o) -1 . . . + ¥, f-
'5)(o) Csc-05

= I + 3C + 2¥, I
>

+ 3¥" + 4×31×2×-1#+ 5×4×1*1 É



tox)

Tgcrx) = i-x-1-x2-l-x.rs -1#✗
"
+
É

③ what is Tzcx) . ?

Note this is just the first 4 terms of
5-GD

so
, 3 Gc) = ltx-l-zx2-tg.se

② Use I Go to approximate e = 2-798

e' = Tzct) = 1+1+1-2.1 + f. 1-
= 6+6+-3+1=1,1--8-3

6

et ' vs et : e°" can be approximated more accurately

than et .



Example

@ Compile the 4th degree Taylor polynomial Go log
-

Ecx>=/ fcx?
- Tncx> 1about ✗=L
-

so¥ Let fcx> = log
^ I
- ?

Wont I
,

C a-1)
for> = log ex)

f-G) =
log CD =⇐

f-
'Gc) = ¥ f-

'CD =

If"Gc) = -¥ f-
↳G) = - I

g-CDC ,> =
2

g-(3) Cx) = ÷
f GO = _÷u , f-

'">
(1) = -6

F↳⇒= ① + ¥
•1 . Ex-D -1¥ .

c-Dex-15+31:(
2)

cx-ipitg.GG) be-134

= 4-1 ) - I Genii f- Gc -153 - texting




